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SUPPLEMENT TO THE SEVENTY-Firra AnnuAL Report or THE REGISTRAR-GENERAL OF 
Brrtus, Deatus, AND MARRIAGES IN ENGLAND AND WALES. 


Part II.— Aprinpcep Lire TABLEs. 


Report to the Right Honourable Christopher Addison, M.D., M.P., The Minister of 
Health, etc., etc. 


Sir,—I have the honour to submit the following report which constitutes the second 
part of the Supplement to the Seventy-fifth Annual Report. 

As stated in Part I of this Supplement (Life tables) certain investigations were, at the 
date of its publication in 1914, already on foot for the purpose of devising a simple method 
for the construction of an abridged life table, 7.e., a table giving certain functions at a 
few selected points of age instead of at every year of age as given in the extended tables 
of Part I. These enquiries, which were independently promoted by several private 
investigators as well as by the Department itself, owed their origin to the expectation that 
considerable advantage would accrue from any scheme whereby such abridged life tables 
could conveniently and expeditiously be prepared. 

Prior to that date little progress had been made by the Department in the construction 
of abridged life tables. Dr. Farr had devised a method in the course of his well-known 
work upon his first extended English life table (see Fifth Annual Report) ; but the values 
obtained were rough approximations only to the corresponding values of an extended 
table, and little use has in fact been made of this method. The late Dr. T. EH. Hayward, 
the medical officer of health for Haydock, working largely in collaboration with the late 
Mr. A. C. Waters of this Department, did much to improve the methods for the construction 
of abridged life tables and succeeded in obtaining values approximating very closely to 
those of the extended tables, while the method of Mr. George King, F.J.A., F.F.A., 

- formulated at the instigation of this Department and described in the first part of this 
Supplement furnished values which, as regards accuracy, leave little to be desired. Mr. 
King’s method, however, did not deal with the ages of infancy and early childhood. 

A further stage was entered upon by Dr. John Brownlee in his paper on the 
“Relationship of the Corrected and the Life Table Death Rates ’ (Journal of Hygiene 
Vol. xii, No. 2, 1913), in which it was shown that the expectation of life may be obtained 
approximately (by the use of certain formule he had deduced) with very little labour 
from the “ standardized ’” death-rate. In order, however, to obtain his formule Dr. 
Brownlee was obliged to have recourse to life tables which, being constructed on different 
plans, probably represented the actual mortalities with varying degrees of accuracy ; and 
it was found upon the construction by the Department of new equations based upon a 
stricter selection of recent life tables that a much closer approximation was obtained 
than by the original formule. 

Dr. Brownlee’s method gives, however, one only of the life table functions, namely, 
the expectation of life; and it seemed possible that other functions, e.g., the number of 
survivors and the stationary life table population might be deduced from a study of existing 
extended life tables. Moreover, in view of the similarity in the form of the mortality 
curves in most ordinary populations, it seemed probable that any two populations having 

the same death-rate in any period of age (e.g., quinquennial) would show, on the construction 
of extended life tables, practically the same probability of survival through that period. 
And, finally,:the actual tabulations, carried out by the Department, of the observed 
A 2 
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quinquennial death-rates in the case of several populations for which extended life - 
tables existed, in conjunction with the probability of survival through these periods, 
were found to afford indications that the two series might be connected by a simple law ; 
and similar results were obtained by the conduct of the same operations in relation to 
decennial periods of age. 

At this stage the Department became aware that Dr. E. C. Snow, with whom, as with 
other statisticians, frequent consultations had taken place over matters of statistical 
interest, was engaged in private investigations having the same objects in view. In 
these circumstances, in view of the nature of the enquiry and of the incidental character 
of the Department’s concern therein, the most suitable method of procedure appeared to 
be that Dr. Snow should continue his investigation with the assistance of the results 
previously obtained by the Department, which were accordingly placed at his disposal 
for the purpose. 

The present volume of the Decennial Supplement accordingly embodies, in Sedeumiee 
with the arrangement then made, the conclusions arrived at by Dr. Snow and the method 
propounded by him as a result of his investigation. Dr. Snow’s paper was completed 
and available for publication in 1914, but its issue has been unavoidably postponed until 
the present date by the circumstances arising out of the War. 

The volume also comprises life tables, based upon the observed mortality in the years 
1911 and 1912, which have been calculated according to Dr. Snow’s method for adminis- _ 
trative counties (distinguishing in some cases the urban from the rural portions of the 
county), for the larger county boroughs, and for the combined rural districts of Norfolk 
and Suffolk as representing an area which is markedly rural in character. Similar Tables 
are also given for London, and for the four geographical divisions of England and Wales 
(distinguishing the larger and smaller urban and the rural districts) adopted as a standing 
feature of the Annual Reports since 1911. 

A word of caution is perhaps desirable with regard to the above mentioned Tables. 
It will be apparent that before they are used as a basis for any definite conclusions, the 
question how far the mortality disclosed in the years 1911 and 1912 represented the normal 
mortality of the district or how far it is in fact adversely abnormal by reason of any 
particular cause, e.g., an epidemic, should be carefully considered. The county borough 
of Middlesbrough, for example, is unique, showing a greater expectation of life among 
children aged five years than among those aged two, all other areas showing, ‘as does 
general experience, that expectation of life falls after the age of two years; and this 
anomalous condition is due in large measure to a severe epidemic of measles, which raised 
the death-rate of children in the age period two to five years abnormally. 

I have the honour to be, Sir, Your Obedient Servant, 
BERNARD a nigiee -General. 
GENERAL REGISTER OFFICE, 
SOMERSET Hovusz, Lonpon, W.C. 2. 
31st October, 1920. 
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1. This paper aims at describing a method by which an abridged Life Table of 
sufficient accuracy for the purposes of a Medical. Officer of Health may be constructed 
in three or four hours, provided the ordinary death-rates in various age-groups of the 
population concerned are available.* Little or no mathematical knowledge is required 
beyond that involved in arithmetical substitution in simple algebraical formule. At 
the commencement of the work it was considered that a sufficent degree of accuracy for 
the purpose of a Medical Officer of Health would be reached if the final function of a 
Life Table (é,)—the average after-lifetime—agreed at ages under 65 with the value given 
by extended methods to within one month—-08 of a year. Actually, it will be seen, a 
much closer degree of exactness has for the most part been reached, while it is probably 
only a question of further investigation to ensure even closer accuracy. 

The gist of the method is as follows :— 

(i) To ascertain the values of 1, at various ages (15, 20, 25, 35, etc.), the values of 
nPx—the chance of living n years from age x—are found from certain formule— 
empirically determined—expressing ,p, in terms of the corresponding death-rate observed 
in the population under notice for the age-group concerned. Thus, for example, the 
chance of living 5 years from age 15 is found from an equation which expresses this in 
terms of the death-rate in the population in the group (15-20). 

(ii) To ascertain the values of é, (for which the sum of values of l, at every year of 
age after x is required), the sum of 5 or 10 (as the case may be) successive values of J, is 
found as a multiple of J, from an equation—also empirically determined—expressing 


* With the aid of the Tables (pp. xxxvi-xlvi), constructed in the General Register Office after this paper had 
been completed, the time and labour involved in the calculations are appreciably lessened. 
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this sum in terms of the corresponding value of ,p,. ‘Thus, for example, the sum of /,;, 
lies liz, 4g, and U,9, is found as a multiple of J,; in terms of the chance of living 5 years 
from age 15.* 

When these facts are known for a continuous series of groups to the end of life the 
lL, and é, columns of the abridged Life Table can be readily constructed. 

The actual formule to be employed depend upon the age groupings used and for 
the purposes of this paper the grouping 0-1, 1-2, 2-5, 5-10, 10-15, 15-20, 20-25, 25-35, 
35-45, 45-55, 55-65, 65-75, 75-85, 85 and upwards was employed. The chief reason for 
the adoption of this particular grouping was that it enabled many examples of the 
method to be shown. Although formule available for other age-groupings are not 
given, these can readily be obtained when required. It is impossible to anticipate all 
the various arrangements of age-groupings which may for different objects be suitable, 
but it is believed that formule relating to the above groups will be those most 
generally useful to Medical Officers of Health. 

In the construction of a Life Table by this empirical method it is convenient to deal 
separately with the periods (a) under age 10 and (b) over age 10—roughly speaking the 
periods in which mortality (a) falls with age, and (b) rises with age. The agreement 
with the figures obtained by extended methods is not particularly good at age 1 and is 
poor at birth. There are reasons, however, to believe that the extended methods of 
constructing Life Tables give results which deviate from the truth at early ages, and it 
is not certain that the discrepancies to be noticed (see paragraph 14) tell against the 
empirical method. 

For practical purposes the application of the empirical method can be followed 
from the example given in paragraph 10 for ages over 10 and in paragraph 15 for ages 
under 10, and a preliminary perusal of these paragraphs will aid in the reading of 
the rest of the paper. | 

2. The evolution of the ideas leading to the work to be described may first shortly 
be stated. Progress on two distinct problems required a knowledge of certain functions 
of Life Tables for various populations for which no such tables existed. In one case 
it was desired to compare the proportion of unmarried females (aged 15-20) who remain 
unmarried on attaining age-group 25-30 in a population of low social status, e.g., Ber- 
mondsey, with the corresponding proportion in a locality of higher social status, e.g., 
Hampstead. The solution of this question strictly required for each population a 
knowledge of the chance of surviving from (15-20) to (25-30),t and this could have been 
found had the appropriate Life Tables existed. 

In the second case, in order to obtain a measure of emigration in age groups, it was 
desired to find how many of the males aged 10-15 in 1901 in a rural area would survive 
and be aged 20-25 in 1911. This number when compared with the number actually 
enumerated aged 20-25 in 1911 in the area enables us to deduce to what extent the 
original pypulation 10-15 in 1901 was affected by migration before 1911. 

It is obvious that the function of the Life Table required in each case is correlated, 
probably highly correlated, with the ordinary death-rates in the age-groups referred to. 
Thus if we took a number of cases in which (a) the function of the Life Table and also 
(5) the death-rates in the age-groups are known we could construct an equation expressing 
(a) in terms of (6). Then, in cases where (a) is not known it could be computed from 
the knowledge of (6) by means of the equation. Some preliminary work showed that 
fairly accurate results could in this way be obtained, and the next natural step was to 


> 
* The expression J, 4+ 1,4; +... +1l:4-, divided by 1, is written throughout this paper as ,,k,. 
+ By this we simply mean the chance that any individual enumerated in the group (15-20) at one date should be 
alive 10 years later. The expression lacks actuarial exactitude, but the degree of accuracy permitted by the data in such 
a problem would necessitate taking 5 years as our unit. 
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attempt to construct the J, column of a Life Table (through the p, column) by means of 
the death-rates in various age-groups. For example, the chance of living 5 years from 
age 15—,p,;—might be expressed in terms of the ordinary ungraduated death-rate 15-20 
by means of an equation obtained from those Life Tables already in existence. We have 
then only to substitute in this equation the death-rate 15-20 for any other population 
to ascertain (on the basis of the experiences of the original populations) the most likely 
value of 5,5 for that population. By repeating the process for other age-groups we might 
determine a whole series of values for ,, and hence deduce the J, column. 

Kquations were found expressing 5715, 5P20 10P25 10P35> 10Pa5 10Ps55> ANd yoPg5 in 
terms of the death-rates in the groups 15-20, 20-25, 25-35, 35-45, 45-55, 55-65, and 
65-75, respectively. The actual tables used are stated later, those for Males and Females, 
after a preliminary trial, being separately dealt with. The “fit” of the equation was 
invariably exceedingly close ; p was taken to 4 places of decimals, and the death-rate to 
5 places per unit population, but the differences between the values of p used to derive 
the equation and the values given by it were, except for late age-groups, very rarely in 
excess of -0002. 

3. The experiences employed to reach the formule were the following :— 


England and Wales _... w- 1910-12 Males and Females. 
his * ae ... 1901-10 Rf S 
3 Es x. ... 1891-1900 9 
London ... Ace Ex ... 1901-1910 = ss 
1891-1900 $9 - 


Selected Healthy Districts 
(England and Wales) ... 1891-1900 es “ 
In this part of the work equations were constructed separately from the male and 
female experiences, giving 6 observations in each. In certain cases, formule were also 
constructed from the data of 10 experiences, the extra ones being :— 


London ... aa ses ee LOTT, Males and Females. 
County Boroughs aoe ... 1911-12 . i 
Other Urban Districts... .. 1911-12 “a sn 
Rural Districts ... BC .. 1911-12 ie a 


The suffix “10” attached to the M. or F. in the list of equations below denotes that the 
corresponding equation was based upon 10 observations. The symbol r is used throughout 
to denote the observed death-rate in the group under consideration ; this, of course, is 
not the same as m, the central death-rate as given by the Life Table. As an index of 
the extent to which the equation fits the data upon which it is based, the mean difference, 
without regard to sign, between the corresponding values (calculated and observed) has 
in each case been worked out, and is referred to throughout as “ Mean A.” 
The equations found are as follows :— 


Age Group. Sea. Equation. Mean A. 
10-15 M p= -99994—4-9412r 0000 
10-15 F p=1-00046—5-1532r 0000 
15-20 M p= 1-00093—5-2656r -0002 
15-20 My p=1-00054—5-1462r ‘0001 
15-20 F p=1-00013—5-0078r 0000 
20-25 M p= -99922—4-7539r -0001 
20-25 Mio p= -99952—4-8157r -0001 
20-25 F p= 1-00004—4-9589r 0000 
20-25 Ee p= -99981—4-8998r -0000 
25-35 M p=1-00020—9-8284r -0002 
25-35 Mio p= :99979—9-7653r “0002 
25-35 F p= +99938—9-7473r 0003 
25-35 Bio p= :99970—9-8037r “0002 
35-45 M p= +99518—9-1138r -0003 
35-45 Mio p= -99571—9-1740r -0003 
35-45 F p= *99721—9-3342r “0002 
35-45 sO p= -99732—9-3561r 0008 
45-55 M p= *98828—8-620I1r -0006 
45-55 Mio p= :98901—8-6742r -0007 
45-55 F p= :99245—8-9264r 0004 
45-55 Pa p= ‘99272—8-9537r 0004 
55-65 M p= +96289—7-5578r 0013 
55-65 F p= +97582—8-0319r 0006 
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The case of equations referring to periods before age 10 differs from that of equations 
referring to later periods. The death-rate falls continuously up to age, about, 11, and 
rises afterwards, and a particular rate in a five-year period before that age is accompanied 
with a different value of p from that associated with the same rate in a period after that 


age. 
The equations found for ages under 10 were :— 
Age Group. Sex. Equation. Mean A. 
BHLO > ccdstneo SEs sdedouisievensqne settee oconddausied Auusmpereteneeer ame M p= :99896—4-6674r 0003 
BHU: Ge sschtoicges co slen ines nest vos scute «sae teeee meas ieeeenan F p= -99882—4-6335r 0003 
OSG AUT. GER. eb cole. bas o8) neat: Becerra M p= :96392—3-413Ir 0014 
OG vnags <ayadecsshtenes aha s ia vie > «94400 0meag eeinae EAM ceces F p= -97304—3-6206r -0010 
0-5 6 Experiences of England and Wales ......... M and F p= :97104—3-5419r 0009 
0-5 4 Latest experiences of England and Wales... M and F p= :97347—3-5965r 0005 


For the equations referring to periods over age 10, as would be anticipated the mean 
A is smaller in the case of five-year age groups than in the case of ten-year groups, and 
also is smaller, on the whole, for females than for males, a reason for this beg suggested. 
later. The mean A, again, is larger for the older age groups than for the younger ones. 
This is not an important defect, since if it be considered sufficient to have p correct to 
four places of decimals in the groups under age 40 or so it is probably enough to have it 
correct to three places after age 60. The range of rate covered by the equation in the case 
of the later age-groups is much greater than for the earlier ones. The equation for the 
group (25-35) M., for instance, was based upon six rates ranging from -00480 to -00676 
per unit of population ; for the group (55-65) M., however, the range was from -02389 
to :04068 per unit population. 

That the range covered affects the “ fit ” of the equation was to be expected and when 
the data for the group (55-65) M. and F. were divided into two groups (a) rate under 
02900 per unit population and (6) rate over -02900, the equations found were :— 


(a) p='97954—8'18807. Mean A =:0004. 
(6) p='95317—7:2841r. Mean A=.0005. 


The two lines are appreciably different, and the mean values of A less than half those 
previously found for the same age-group. The fact that the range covered by the 
observations on which the line is based affects the ‘“‘ goodness of fit” is probably the reason 
for the better showing of the equations relating to females in the above list, the range in 
the case of females being generally smaller than that in the case of males. 

4. When the above equations were applied to the data of populations whose Life Tables 
had not been employed in deriving the equations, the resulting values of p were good so 
long as the rates were within the range of the observations used in deducing the equations, 
but were comparatively bad if they fell outside that range. As some of the most important 
of the town Life Tables which have been constructed refer to populations—Liverpool, 
Manchester, etc.—the death-rates for which in any group, e.g., 55-65, are higher than that 
for any of experiences used in reaching the equations, we can hardly hope to predict the 
value of p, €.9., 19P55, for such populations from a knowledge of the death-rate (55-65) 
by the use of the equation referring to ages (55-65) in the above list. For practical 
purposes, therefore, the above equations are not generally applicable. 

On closer examination, however, it seems to be quite unnecessary to take age into 
account. The death-rate for Liverpool males (1911-12) in the group 25-35 was -00775 
per unit, and this was almost the same as that for England and Wales, males (1910-12) 
in the group 35-45, viz., -00799 per unit, and was greater than that for the Selected 
Healthy Districts males (1891-1900) in the 35-45 group. The rate for Liverpool (25-35), 
in fact, falls within the range used for the equation relating to the (35-45) period. It 
is more important that the equation to be applied to find ,)p;; for Liverpool should be 
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based upon death-rates in the neighbourhood of the Liverpool (25-35) one—whatever be 
the (ten-year) age period to which they refer—rather than that they should refer only to 
the group 25-35. 

It appeared best at this point to obtain a new series of equations, grouping according 
to the death-rate and not according to the age group. We could, of course, employ all 
the experiences we have previously used; thus, to get an equation to cover a particular 
range of rates we could pick out some observations falling within that range from each of 
the experiences. But since by appropriate selection of the groups practically the whole 
range of likely rates can be covered from a single experience, it seems to be unnecessary 
to deal with more than one experience. This is a distinct advance. Variation in the 
method employed in constructing a Life Table affects the values of p, and some of the 
values of A found from the above series of equations are probably due to this. But 
when only one experience is used the values determined by the equations will be com- 
parable with those which would be determined by the extended method actually applied 
to this experience if it were applied to the various populations under consideration. 
The single experience employed was that of England and Wales for 1910-12, 
male and female observations being employed indiscriminately. For that experience 
Diagram I shows the relation between the death-rate in a five-year age period and the 
chance of surviving the five years, and Diagram II the corresponding relationship for a 
ten-yéar period, in both cases only for that portion of life durmg which mortality rises 
with age. The fact that when the death-rate is zero the chance of survival is unity 
gives in each case the starting point of the curve. 

If in Diagram IJ., the observations referring to the ten-year groups, 25-35, 35-45, 
ete. (the only ones available before 1910), alone had been plotted, the data would 
have been insufficient to obtain a series of equations such as was required. The fact 
that, for 1910-12, the deaths in every year of age had been tabulated and similarly, 
for the census of 1911, the population at each year of age, permits the use of the 
death-rates in groups 20-30, 30-40, etc., in addition (see Table a, p. xxx), and these 
accordingly. were employed. If the more detailed system of tabulation commencing 
from 1910 had not been instituted it is improbable that the work described here 
could have been made of practical use. 

5. A single equation might be obtained to represent the whole of the curve 
shown in each diagram. Such an equation, however, could only be made to give 
the degree of accuracy required by the expenditure of an amount of labour which 
appeared quite prohibitive, while its practical use would be doubtful. But that 
accuracy can be reached by dividing the curves into parts, each portion covering 
such a range that a straight line or parabola of the second order gives adequate 
agreement. .The procedure adopted was to take the observations in .groups of 6 
in such a way that each group overlapped the adjacent ones. Thus, to get a 
formula to hold for rates (five-year period) between -00300 and -00370 six observa- 
tions were taken ranging from -00288 to -00372. 

An illustration of the method by which the equations were derived may be 
given in the case of rates (five-year period) ranging from zero to -00300 per unit, 
The following data were employed :— 


EXPERIENCE OF ENGLAND AND WatgES, 1910-12. 
Chance of surviving 5 years Value of p 


Group. Death-rate (r). from beginning of group (p). by equations. A. 
0 1-0000 9999 0001 
M. 10-15 “00192 9904 -9906 0002 
F. 10-15 00201 9901 -9901 0000 
F. 15-20 00269 ‘9868 -9868 0000 
M. 15-20 00288 9861 9859 0002 
F. 20-25 00314 * 9845 9846 “0001 


ATS 
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The best equations of the forms 


p=at br. 
p=c+dr + er* 


respectively to fit the above six observations were determined and were found to be 


p = 99995 — 4-8883°r. 

p = 99994 — 4:8670r — 6-994r?. 

It can be shown that when 7 is between zero and -00300 the values of p given by 
these two equations cannot differ by much more than -00001, so that to the degree 
of accuracy required (the fourth place of decimals) the line is as good as the curve. 
The values actually given by each for the various values of 7 are shown in the last 
column but one, the differences (A) between them and the corresponding actual 
values of » being as stated in the last column. 

As in the examples to illustrate the method the five-year system of grouping 
cannot be employed beyond the group 20-25, and as the rate for that group in 
no place is likely to exceed -00550 per unit population, no equations to hold beyond 
that limit, for five-year groups, have been worked out. Between the values of r 
equal -00300 and 7 equal -00550, by taking the rates (both male and female) in 
the groups 25-30 and 30-35, in addition to those in the groups before 25, enough 
observations to divide that range into two parts were at hand, these being from 
r equal -00300 to r equal -00370 (actual observations from -00288 to :00372) and 
from 7 equal -00370 to 7 equal -:00550 (actual observations from -00367 to -00585). 
Full data are given in Table a. It is probable that one equation would have 
served the whole of this range, but as the data were available two were worked 
out.f For the lower range the equations found were :— . 


p = 99982 — 4-9972r. 


p = 1:05634 — 39-04997r + 5095-5r?, 
and for the higher part 
p = °99897 — 4:7082r. 


p = 1:00435 — 7-0521r + 247-8247. 


In each of these cases the curve gives results slightly superior to the line; in the latter 
case, for instance, the mean value of A by the line is -00013 and by the curve 
00007. The curves, therefore, are to be used in preference to the lines. : 

Since an equation of the form y=a-+ bx + cz? can always be transformed into 
one of the form y =d +¢(x — e)?, which is rather more convenient for arithmetical 
purposes, the second form has been used throughout. 

The equations to be used in the examples for determining » for the five-year age 
periods (after age 10) are accordingly as follows :— 


Range of Death-rate. Equation. 
0 —-00300 p="99995—4:8883r--. 5 |. 2. we (i) 
-00300—-00370 p='98152+5095-5 (003837)? . . . (ii) 7 (A) 
-00370—-00550 p='95419-+247-824 (-01423-r)? . . . (iii) 
For the junctional values we have the following :— 
When r=-00300 (i) gives p=-9853 and (ii) p=-9850 
When 7=-00370 (ii) gives p=-9816 and (iii) p=:9817. 


6. The method adopted to obtain suitable equations for the ten-year periods after 
. age 25 was the same as for the previous five-year groups. Data from the experience of 


* For the most convenient way of deriving the equations, see Pearson’s Tables for Biometricians and 
Statisticians, p. xlviii. A full illustration is given in Appendix II, p. xxxiii. 

} This work was done before the advisability of dealing separately with the period under-age 10 and that 
over age 10 was fully appreciated and it will be noticed from Table a that the figures referring to group 
5-10 have been used. It will be seen/that these do not altogether fit in with the others, but the effect upon 
final results is very small. 
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1910-12 (males and females) only were used (see Table a). The first equation found was 
intended to cover the range from 7 = 0 to r= -00500. Populations with rates in the 
ten-year period 25-35 of less than -00200 are exceedingly unlikely to come under the 
observation of a Medical Officer of Health, but to cover all possible cases the values 


r=0 and p=1 were taken in. The complete data upon which this first equation 


was based were :— 
EXPERIENCE OF ENGLAND AND Watps, 1910-12. 
Chance of surviving 10 years Value of p by 


Group. Rate (r). from Beginning of Group (p) Equation. A. 

— 0 1-0000 1-0000 0000 
(20-30) F “00340 9666 9665 0001 
(20-30) M 00399 9607 9608 0001 
(25-35) F 00408 9598 9599 0001 
(25-35) M "00480 9531 9530 0001 
(30-40) F 00514 9498 ; 9498 -0000 


The best linear and quadratic relationships connecting p with r are :— 


p = °99992 — 9-°785r 

p = 1:00001 — 10-047r + 54-287". 
The curve gives slightly better fit than the line, and the values of p derived from the former 
are shown. . 

By taking rates (and the corresponding values of p) for the groups 30-40, 40-50. . ., 
in addition to those for the groups 35-45, 45-55 . . . , sufficient material was found to 
fit six curves (parabolas of the second order) to portions of the general curve in order 
between r=0 and r=-19000, and these will cover all cases likely to arise for rates between 
the group (25-35) and the group (75-85) for most populations in England and Wales. 
The higher ages are dealt with later. 

Full details of the data used are given in Table a. The equations found are :— 


Number of decimal places 
used in deriving equation. 


Range of r. Equation. r. p- 
0—-00500 (i) p= -53505-+54:279 (-09255—r)? 5 4) 
-00500—-00800 (ii) p=  -07286-+-26-8859 (-18575—r)? 5 4 | 
-00800—-01500 (iii) p= —-43586-+15-8283 (-30091—r)? 5 de in 
-01500—-03000 (iv)p=  -02194-1-22-0192 (-20985—r)2 5 apes?) 
-03000—-07000 (v) p= -23118+28-6851 (-16237—r)? 4 4 
-07000—-19000 (vi)p= :10152+16-7940 (-21951—r)? 4 3 
For the junctional values we have the following :— 
} Fee (MBO Ly... <08./8cs ee WV OS EL olascucececnteee (ii) -9512 
FO ee iE Nese ep (iii) -9222 
PEPOIGIOO Mss. sceekracle (Hi) S680. eae (iv) -8579 
SEV inet ty AO Gey oT242 =. ee . (v) +7338 
Peas VTOOO eines cee Mees): (vy edit A. aeean (vi) -476 


The difference between the corresponding values is in no case important, and if, in 
applying the equations, an observation falls close to the junction of two curves, the mean 
of the values of p given by the two equations should be used. 

7. The two sets of equations so far given are sufficient to determine the chance of 
living throughout each of the groups 10-15, 15-20, 20-25, 25-35, 35-45, 45-55, 55-65, 
65-75, and 75-85, and hence the /, column of a Life Table at ages 10, 15, 20, 25, 35, 45, 
55, 65, 75, and 85. As we assume l,,; to be zero, it remains to determine Jy; by means of 
the chance of surviving from 85 to 95. As for the end of life the death-rate is generally 
stated for the population at ages 85 and upwards, and is not given for the group 85-95, 
the value of ,,7,; must be expressed in terms of the former rate. A parabolic curve of 
the second order does not fit the data well at this period of life, the reason being that, as 
a very high death-rate is accompanied with a low chance of survival, the curve should 
asymptote to the horizontal axis. Such a curve is that of the form 


p=ae™ or log pp =e — ar. 


Observations to derive such a curve were obtained by taking rates at age 80 and upwards 
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as well as at age 85 and upwards, with the corresponding values of ;oPgo and j9Pg5 (see 
Table a), and the equation found was :— 


log(19 Pgs) = ‘188106 — 5-678297. B(vii). 


This curve fits almost exactly the points on which it was based. It gives when r = -19000 
» = +129, while equation (vi) above gives p= +116 for that value of 7, This is not a 
particularly good agreement for the junctional value, but is good enough for practical pur- 
poses at the end of an abridged Life Table. 

Sufficient equations have now been given to construct the whole of the /, column 
of an abridged Life Table from age 10. Most of the official tables given in Vol. I of the 
Decennial Supplement do not deal with the epoch before that age, but equations to fill 
in the earlier part are discussed later. 

8. We now deal with the determination of the é, column. One method, ui means 
of empirical equations in terms of the standardized death-rates at and above each of the 
ages concerned, has been published by Dr. Brownlee. It is probable that a number of 
empirical methods can be devised to give the e, column when the J, one is known, and 
one in strict accordance with the principles already employed in this paper which gives 
good results is as follows :— 

In an extended Life Table the number of years of life lived in each year of life (L,) 
is given—it is generally taken as 4(l, +1,,,). This L, column is then summed upwards 
to obtain T,, the number of years of life lived at and above age z. 

In an abridged Life Table, in which 1, is given only at five-year or ten-year intervals, 
it would be convenient to have in a parallel column, not L, for the particular age, but the 
sum of L,, L,,, ... up to L,,, or L,,9, according to the interval. Considering the 
case of a five-year interval, L,+ L,4,+ ... 4+ L,44is:— 


a(l,+ beta) + lesa hb ge) + od aS hG(lg iy a" Lae) 
= th, + bona theta aed lett + oleae: 


Now, we should anticipate that, over a small range of a Life Table, ;4, (which is written for 


Lt leg a da one vee tess) 


should be highly correlated with ;p,, which equals ne Accordingly it seemed probable 


wv 


that the sum of five consecutive terms in the 1, column could be found empirically when 
the corresponding ;p, is known by obtaining equations expressing sk, (defined above) 
in terms of ;p,. Similarly, too, when necessary we could deal with the ten-year groups. 

When we have found the value of ;k, or 49k, for each of the ages referred to in an 
abridged table we can (with a small arbitrary adjustment at the end of the table 
to be referred to later), by finding ;&, x bl, or ok, xl, at each age, ascertain 
(bo tlesa se ce sot had t (bast 0.5 thye) + - 2)... wpe to thesend ote 
This sum divided by Jl, gives the mean after life-time (é,) plus half a year. 

9. We have, therefore, to obtain a series of equations connecting k and p for 
five-year or ten-year groups in the same manner as equations connecting p with + were 
found in paragraphs 5 and 6. Diagram III. shows the general curve connecting 
k and p for five-year groups from p = 1:000 to p =°974, and Diagram IV. the corre- 
sponding general curve for ten-year groups from p= 1:00 to p= +03. We make use 
of the fact that p = 1-0000 necessarily implies k = 5-00 or 10:00 as the case may be. 

It was thought at first that it would not be altogether satisfactory to use the 
data for females with those for males in deriving an equation connecting p with fk, 
and those worked out were based upon the male data only. These equations, however, 
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when applied to female figures were found to give quite good results and have 
accordingly been used throughout. 

As in dealing with five-year groups only up to age (20-25) it does not appear 
likely that values of p less than -9750 will be met with, one equation between k 
and p will cover the whole range for five-year groups. For this the following data 
were employed :— 


EXPERIENCE OF ENGLAND AND Watus, 1910-12. (From Life Table.) 


Age x. 5D Kae 3k, calculated by equation. 

1-0000 5-000 5-000 
10 9904 4-981 4-981 
15 9861 4-974 4-973 
20 9814 4-964 4-964 
25 9788 4-959 4-959 
30 9737 4-950 4-950 

These values of p and k lead to the equation k = 3-0914 + 1-9084. (C.) 


The formula reached by taking the\corresponding female data was k= 3-071 + 1-9226p. 
Within the range of values of p used, these equations give nearly the same values of k. 

The value of » used was the value given by the Life Table and not the one 
determined empirically by means of the death-rate as in earlier paragraphs.* 

The “fit,” it will be noticed, is almost perfect. F 

For determining the equations to give jk, the curve (Diagram IV.) was divided 
into five portions with the following ranges of p :—(i) 1-00—-90, (11) -90—-80, (iii) -80—-55, 
(iv) -55—-20, and (v) under -20. There is no merit in employing these particular 
ranges. They were adopted because of the observations at hand, and are justified 
by results. In each case the parabola of the second order gave appreciably better 
“fit”? than the straight line. The equations are :— 


Range of p. Equation. 

1—90 k= 6-7367-++ 1-36832 (p + -5443)? . . (i) 
90—80  k=14-2145— -85730 (3-2225—p)* . . (ii) 
‘80-55  k=14-4520— -87293 (3-2566—p)? . . (iii) \(D) 
‘55-20 k= 8-8550— 56745 ( -9258—p)? . . (iv) 

Under -20 k= 6-1485—39-9340 ( -2811—p)? . . (v) 
The junctional values are :— 
p=9 (i) 9-591 (ii) 9-590 
p=8 (ii) 9-183 (iii) 9-184 
p=bb (iii) 8-057 (iv) 8-054 
p=-20 (iv) 5-866 (v) 5-886 


The differences, generally small, are of little practical consequence. 

These equations enable us to determine the years of life lived after any age « 
except for the contribution of the years after age 95. This latter is of so little 
importance in the value of é, at ages under 65, or even later, that it can be 
arbitrarily chosen. Throughout the examples given it has been taken as 3 times the 
number living at age 95, this being approximately the figure shown by the experience of 
England and Wales, 1910-12. 

10. We will now describe by an example the process of applying the equations shown 
in previous paragraphs to the construction of an abridged Life Table (the J, and 
the é, columns) at ages over 10. The example we choose is that of the Life Table 
for females for London, 1891-1900. The ordinary death-rates in age groups are shown 
in the second column in Table I., alongside the group to which they refer. The 
first three of these relate to five-year groups and must have Equations A (paragraph 5) t 
applied to them. The death-rate 10-15 being -00248, Equation A(i) must be used, 


* Equations could, of course, be found to express & in terms of the corresponding death-rates, but there is no 


advantage in doing this. 
+ All the equations involved are collected in Appendix I. 
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and gives 571) = °98783. For the 15-20 group the rate is -00294, and A(i) is again 
the equation to be used; it gives ,9,, = -98558. 


TABLE I. 
EXAMPLE OF WORKING INVOLVED IN EmprricaL Mretnop. For AcE 10 anp Upwarps, 
London. 1891-1900. Females. 
































| Chance of || | = 
Death- | surviving | | = ey 
his rate | fiscaehost | Me (Goblets be Xp Loe | LL a) eek os | . in 
P. (r). | Period _ | Fe =;* ~ # |Jextended 
/ (nPx)- | | pas | & Table 
o dash. Dee f | 
| | | | 
(1) C2 hate Oa ES ea ig as (5) | (6) (7) | (8) (9) 
10-15 00248 ‘98783 (10) 10,0000 4:9766 | 49766 520021 | 51:50 51-49 
15-20 00294 -98558 (15) 9,878-3 4-9723 49118 470255 | 47-10 47:10 
20-25 “00346 98222 (20) 9,735-9 4-9659 48348 421137 | 42:76 42:77 
25-35, -00565 94493 (25) 9,562°8 9:7714. 93442 372789 | 38:48 38°46 
35-45 ‘01068 ‘89741 || (35) 9,036-2 9-5799 86566 279347 | 30-41 30-42 
45-55 “01712 *83984 || (45) 8,109-2; 9:3475 | + 75801 192781 | 23-27 23-29 
55-65 ‘03101 -7262 | (55). 6,810°4) 88627 | 60359 116980 16-68 16:72 
65-75 06344 -5119 (65) 4,945-7 | 7-883 | 38987 56621 | 10-95 11:01 
75-85 1346 +2226 (75) 2,531-7 6-049 15314. 17634 _ | 6:47 6°57 
85 and up 2658 | -0477 (85) 563-6) 3-973 2239 2320: | 3°62 3°75 
— — — (95) 26:9 : 3:00 81 —— —. — 














The rate -00346 for the group 20-25 requires Equation A (11) and gives sPo9 = *98222. 
These values are shown in the third column. 

After age 25, all the rates are for ten-year groups, and Equations B must be used. 
The appropriate equation for the 25-35 group—death-rate -00565—is B (11) and gives 
Pos = 94493. 


The rate -01068 at 35-45 jethoniy B (iu) and PIVES 1oP35 = 89741 
>» a9 (OLTI2 at 45-55 " Biv aie » 10Pa5 = °83984 
>» 99 OB101 at BB-65) a/eeee aaa a anal een 
yy, 06844 ablGBL75. #1) OERMEV(Gues, ehibte de math 1a 
yay B46 MRR CRE oS RRs Cee et oer 


Finally, the rate -2658 for 85 and upwards requires Equation B (vii) (p. xii), and Bes 

log 19Ps5 = — 1°321183. 

This must be written 2678817, whence j9)3; = ‘0477. 

It is, of course, quite unnecessary to use the equations at all, since the tables given 
on pp. Xxxvii-xli show the values of p at once alongside those of 7. Before these tables 
were constructed the equations had to be used as here described. 

The p, column being completed from age 10, the J, column can be constructed by 
starting with a population of, say, 10,000 at age 10. Then 

lis = Lig X sP19 = 10,000 x -98783 = 9878-3. 
log = Lys X 5P15 = 9878°3 X 98558 = 9735-9. 
and so on down the column, which is readily completed. 

The next step is to determine the k, column, shown fifth. The first three values 
of p, referring to five-year periods, must have Equation C (paragraph 9) applied to them 
and give ;k,,) = 4: 9766, skys = 4:9723 and ko, = 4:9659. 

The other values, relating to ten-year ein! require the appropriate equation from 
Kquation D. 


For 25-35 p='9449 D (i) is the equation and _gives 10Ko5=9°7714 
»» 35-45 P= 8974 1 Gi) { soh3s=9°5799 
3» 45-55 p=-8398 J y " 4 U yokas=9°3475 
» 55-65 p='1262.__—D (iii) ‘3 # - vokegg==8-8627 
»» 65-75 P= 5119 Ly (iy) { rokes=7'883 
»» 75-85 p=2226 J .” ny vA 10h75=6-049 
», 85-95 p= 0477, | D ity) Ey) ” ” 10%g5=3'973 


* The decimals are put in tos working purposes, but are not retained in the final Table. 
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Finally 9/9, (equals éy, plus half a year—see paragraph 8) is taken at 3-00. 

The sixth column—called the L,’ column—shows the products of corresponding 
numbers in columns (4) and (5). Summing this upwards from the bottom we obtain 
the seventh or T,’ column. The number corresponding to any particular age in this 
column divided by lL, gives the value of é, plus half a year. The values of é, for the various 
ages are accordingly written down in column (8). 

The comparison of the values of J, and e, with those ascertained by the extended 
method (Report of the Medical Officer of Health for London 1901, Appendix I., pp. 22-27) 
is as follows :— 




















‘Empirical Extended ‘Empirical | Extended 

Method. Table. Method. Table. 
10 10,000 © 10,000 \ 51-50 51-49 
15 9,878 9,877 47-10 47-10 
20 9,736 9,732 | 42-76 42-77 
25 9,563 9,565 | 38-48 38°46 
35 9,036 9,027 30-41 30-42 
45 8,109 8,103 23-27 23-29 
55 6,810 6,807 16°68 16-72 
65 | 4,946 4,952 | 10-95 11-01 
75 / 2,532 2,545 6-47 6-57 * 
85 564 580 3°62 3°75 














The agreement in this case is excellent for the é, column—far closer than is requisite 
for the purposes of a Medical Officer of Health. Agreement is not so good after age 55, 
but the value of an accurate knowledge of é, is not great after that age. The discrepancy 
between corresponding values of 1,, too, 1s quite small except at the relatively unimportant 
high ages. 

11. The results derived in each of the 28 examples to which the method has been 
applied are compared with the results by extended methods (except in the case of the five 
towns, Liverpool, Manchester, Sheffield, Leeds, and Bristol, where the comparison is with 
figures computed from tables found by Mr. King’s short method*) in Tables A—E. In 
the case of the five towns mentioned the comparison is not quite appropriate. Mr. King’s 
method gives values at ages 12, 17, 22, etc., and interpolation was necessary to discover 
the values for ages 15, 20, 25, etc.—with which to compare those by the empirical method. 

The extent to which the final function—é,—compares over the series of Tables is 


indicated by the following :— 
TABLE JI. 
AVERAGE DIFFERENCE BETWEEN THE VALUES OF e, AS DETERMINED EMPIRICALLY AND AS DETERMINED BY 
OTHER MetTHops. (YEARS.) 
Age 
10 15 20 25 35 45 55 65 75 


10 Extended Tables, Decennial Periods -03 03 03 03 03 03 04 04 ‘07 
(See Table B) 


8 Extended Tables for 1911-1912 — -02 02 -02 “04 02 02 “04. 04. 
(See Table D) 
10 Abridged Tables for 1911-1912 eee OES: (4 | sO Oe yeOb eg 04) 9 SOG 07 


(See Table E) 


It should be borne in mind that the comparison in the case of the last row of figures 
is with results interpolated from other abridged tables relating to a different set of ages, 
and it is probable that, at least at Ree ages, the interpolation is not altogether satis- 
factory.T 


_ * Part I of this Supplement, pp. 26-33. 

+ For example, the death-rates at ages over 85 for Liverpool and Bristol (Males, 1911-12) were -28460 and -30854 
respectively. We should anticipate, therefore, that e,; should be greater for the former than the latter. The 
interpolated figures, however, are 3:04 for Liverpool and 3-38 for Bristol. Other similar instances may be 
noticed. 
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The empirical method gives best results in the case of certain large populations— 
London, County Boroughs, Urban Districts, and Rural Districts—for 1911-12, a period 
almost the same as that upon which the equations were based. The differences in the case 
of the tables relating to decennial periods (6 belonging to 1891-1900) are rather larger, 
and it appears that the empirical method is likely to give best results when applied to 
an experience close in point of time to that on which the equations are based. We are 
not inclined to consider that the larger figures shown in the third row above necessarily 
denote that the errors, when the method is applied to populations of such towns as Liver- 
pool, Manchester, etc., are likely to be bigger than when it 1s applied to the contemporaneous 
experience of larger populations. 

On the whole the figures amply justify the claim that the formule will reproduce 
the abridged Life Table to such a degree of accuracy that the difference between the values 
of é, as given by the formule and by the much longer methods usually employed is 
unlikely to exceed a month, at any rate for ages between 10 and 65. It is hardly a case 
where percentage errors are relevant, since an error in determining é, at high ages, even 
though proportionally large, is relatively unimportant. We may note, however, that the 
average difference of -03 of a year at age 10 is only -06 per cent. of the value of é,, of the 
1910-12 Table for England and Wales (males). At age 45 the same error is -12 per cent. 

12. Hor many purposes it 1s unnecessary to complete a Life Table through the years 
of childhood back to birth. The majority of the tables required by actuaries deal with 
the period of life after age 15 or 20, and Mr. King’s abridged method has been exemplified 
only after age 11 or 12. Medical Officers of Health, however, are probably as much interested 
in a knowledge of the expectation of life at birth as at age 15 or 20, and a short method 
to be of use to these officers should be capable of constructing the whole table in an abridged 
form. It is certainly more difficult to obtain values of é, for the first five years of life, 
but the empirical method here described can be applied, and gives results which are 
probably sufficiently satisfactory for the purpose in hand. Only 10 of the 28 tables used 
in comparison in previous paragraphs have been taken back to age 0 by the standard 
methods, and accordingly the examples which can be given of the empirical method when | 
applied to the early period of life are limited to this number. 

We deal first with formule for the period 5-10, these allowing tables to be completed 
from age 5. 

(a). For the equation connecting the chance of survival (p) with the death-rate (7) 
we must have observations which will cover the whole of the likely range of values of the. 
death-rate in the period 5-10 in the populations to the experiences of which the equations 
are to be applied. This range can be covered from the experience of England and Wales, 
1910-12, by taking the values given for the 5-year periods 2-7, 3-8, 4-9, 5-10, 6-11, 7-12 
(see Table y, p. xxxii). No population has been noticed which in recent years had a 
higher death-rate (5-10) than had England and Wales in 1910-12 for the male group (2-7) 
(-00735 per unit of population), nor a lower one than had the latter in the male group 
(7-12) (-00224 per unit population). Accordingly, from the data referring to the male 
experience collected in Table y, the equation connecting p with r was worked out. A 
linear equation was found to be sufficient for the purpose, and is :— — 


p = 99838 — 4-681817. 


The mean value of A (see paragraph 3) given by this equation is -00016, or less than 
2 in the fourth place of decimals. This equation, too, was found to fit the corresponding 
female data quite well, the mean value of A when it was applied to those data being only 
00011, and it has, throughout, been used for the experiences of female populations as 


well as for male. f 
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(6). To cover the range of values required for the equation connecting & with p data 
were taken from the Life Table England and Wales, 1910-12, males, referring to the same 
age-groups as were employed in (a). A linear equation gives almost perfect fit to the degree 
of accuracy required, the one found being :— 

k = 2-2504 + 2-7556p. 
the mean value of A being -0008. | 

We can now extend our Life Tables back to age 5 (see example in paragraph 15) 
the results for ten tables referring to decennial experiences being stated below. It is 
convenient, in order to fit in with the form of the results found for higher ages, to keep the 
value of L, at age 10, previously used, viz., 10,000. 


TasLe ILI. 


COMPARISON OF THE |, AND é@, VALUES FOR AGE 5 AS FOUND BY ExTENDED AND EmprricAL Mrruops 
IN THE CasEs or 10 Lire TAsues. 











is. i Cy 
Experience. . ! | j 
| Empirical. | Extended || Empirical | Extended 
Method. = Method. | Method. Method. 
| i] . 
England and Wales 1901-1910 M. aon 10,182 | 10,168 | 55°81 55-90 
Mi - F. WEEDS TITO,18S8-< E0176 (12 58-45 58-53 
England and Wales 1891-1900 M. eal 10,223 10,218 | 53-51 53-50 
x . Z3 F. See) L0LS26 Jip O. Babyy Ul BEST 55:79 
London 1901-1910 M. as 10,181 10,173 \ 54-84. 54-82 
SS ¥ F. A 10,182 | 10,173 | 58-63 | 58-63 
London 1891-1900 M. Ba 10,255 10,249 / 51-64 51-60 
ie By A 10,265 | 10,258 i 55-09 55-12 
Selected Healthy Districts 1891-1900 M. ash 10,167 10,160 i 58-18 58-26 
a . i, a F. ¢ 10,170 "PAPO 162 PP 50-49 59-53 
| | | 








Average difference between values of é, = -04 years. 

The worst results, so far as é, is concerned, are those for England and Wales, 1901-10, 
for which quite good results have been found at ages 10 and upwards. On the whole 
however, the values found are considerably within the limit of accuracy sought for, the 
average difference between the two sets of values of é, being -04 of a year, or about two 
weeks. 

13. The most difficult period to deal with in the construction of a Life Table is the 
first five years of life. It is true that the other end of life gives, by ordinary methods, 
more difficulty than the centre of the table, but the results for old age are relatively unim- 
portant and great accuracy need not be sought for. The first efforts made attempted to 
deal with the period 0-5 as a whole, one equation being found to give the chance of living 
to age 5 in terms of the death-rate 0-5. Clearly, however, we cannot get an equation 
able to cover the range of values of the death-rate 0-5 hkely to be found in sub-populations 
by taking the experiences of various of the quinquennial groups for England and Wales, 
_ 1910-12. The largest death-rate in a quinquennial group given by the latter experience 
(during the portion of life in which mortality diminishes with age) is necessarily that for 
the 0-5 group, viz., -04099 per unit population, and this is much less than the value given 
by some of the experiences of populations to which it is desired to apply the equations, 
e.g., London (males), 1901-10, -05355, and London (males), 1891-1900, -07197 per unit 
population. The difficulty could be overcome at the cost of being inconsistent with the 
remainder of the procedure by basing the equation upon the experiences of a number of 
populations, these including some so far distant from the present time that any likely 
death-rate (0-5) for 1901-10 or 1910-12 would be included in the range. Thus, by including 
the experience of London (males), 1891-1900, in the data on which the equation was based 
we should be able to apply the equation to such high mortality towns as Manchester and 
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Liverpool for 1901-10 and 1910-12. But this would be unsatisfactory and would leave 
very few examples by which results could be compared. 

To overcome the difficulties met with in dealing with the group 0-5 as a whole 
we can divide the period 0-5 into parts, those which fit into the scheme of 
grouping being, 0-1, 1-2, and 2-5. Accordingly, to complete the table to birth, the 
values of the functions at ages 2 and 1 are also to be found. 

The only criterion by which to test the value of the empirical method -is, of 
course, the corresponding set of figures found by extended methods. In the opinion ~ 
of the writer, however, the standard of comparison when used for the first five 
years of life may be a poor one. One reason for this applies to the whole of the 
period, and another only to the values found for the first year. Two methods have 
been used by authorities in constructing tables relating to the first five years of 
life. The difference between these methods consists in the manner in which the 
population at risk is computed. In one case the population as enumerated at a 
census is employed as the basis, and in the other the population at risk in each 
year in the first few years is calculated from a knowledge of the numbers of births 
in the years in and previous to the period dealt with and of the deaths at each year 
of age at the same time. The latter is the method which is now viewed with most 
favour, but the values of J, and of e, are likely to differ appreciably if the other 
method be employed. | 

The second point we refer to concerns only the first year of life and is one which 
causes us to anticipate a large difference between the values of é at birth as found by 
the empirical method and an extended one, and the writer is not disposed to consider the 
discrepancy as a deficiency of the empirical method. If our table related to the expe- 
rience of a very long period of life, say 100 years, and if the registration of births and 
of deaths in the first year of life were perfect, the actually correct value of » )—the 
chance of living a year from birth—would be given by the infantile mortality as 
usually expressed, viz., the proportion of deaths under 1 to a birth. In the case of 
a ten-year period this would not be quite so accurate, because a small number of 
the deaths occurring in the ten years belong to births just before the beginning of the 
period (in the case of a period of 100 years this number is negligible). But the error 
introduced by this must be very small, and if the experience as regards births of 
the last of the ten years is the same as that of the one before the first it vanishes 
altogether.* EKven for a three-year period, we should not anticipate that the true 
value of py (if it could be found) would differ much from the value deduced from 
a knowledge of the usual measure of the infantile mortality. When we compare 
the values of py given by various tables with the values deduced from the infantile 
mortality of the respective populations, we get some appreciable differences. The 
figures are quoted on the opposite page. 

The differences are generally significant in the third place of decimals, and | 
occasionally in the second. It will be noticed, too, that the discrepancy in the case 
of the three-year period, 1910-12, is less than that of the ten-year period, 1901-10 
(England and Wales), and very much less than some of the other differences. If 
the figure in the last column be taken as the value of po, quite appreciable differ- 
ences in the value of é) are found, in some cases exceeding :50 of a year. It is, no 
doubt, a pure matter of opinion, but we are inclined to think that, on the whole, 

* It is important to note that the error is proportional, approximately, only to the difference between the 
numbers of births in the six months preceding the period and the last six months of it expressed as a fraction 
of the total births in the period. The fact that the infantile mortality in the two six months’ intervals referred 


to may widely differ does not affegt this. The differences between the figures shown for 1901-10 cannot be 
explained by the fact that infantile mortality in 1900 was much higher than in 1910. 
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Chance of living 1 year from Birth. 





Experience, 


Deduced from 
By Extended 
Table (p) | Infantile Mor- 


tality (p’) 





*87956 
90233 
85566 
88257 
82814 
85934 
84797 
87448 
81588 
*84569 
87850 
90492 


England and Wales 1910-1912 
England and Wales 19011910 


England and Wales 1891-1900 


39 


London 1901-1910 
Dandow 18911900 


Selected Healthy Districts 18911900 


9 99 99 9 


Meee See Ses 











the value deduced from the infantile mortality gives a closer approximation to the 
true value of p, than does the process of graduation usually employed. 

14. The method by which the table has been completed is as follows :— 

(i) For the period 2-5, equations have been derived for p and & exactly as in 
the cases of five- and ten-year periods before employed. 

(1) For the single year 1-2, an equation has been derived for p not directly in 
terms of the death-rate, but in terms of a convenient function of the death-rate 
which for a period of a single year is more suitable and which gives improved results. 
For a period of a’ single year, & is, of course, unity. | 

(ii) For the year of life 0-1, the value of p has been deduced from the infantile 
mortality. 

(i) To cover the range required for the group 2-5, the data for England and 
Wales, 1910-12 (Males), for the groups 1-4, 2-5, 3-6, and 4-7 were used (see Table y). 
A linear equation between p and 7 was sufficient and was found to be:— 

p = ‘99883 — 2°78684r. 
The mean value of A was ‘00015, while when the equation was applied to the 
corresponding female data the mean value of A was -:00017. 

Similarly the equation found connecting & with p to hold for the period 2-5 was 

k = 1-4959 + 1-5105p, mean A = -00035. 

By means of these equations, the ten tables previously referred to can be 

completed to age 2 (see example, paragraph 15), the results being as follows :— 


TABLE LV. 


° 
CoMPARISON OF THE 1,* AND e, VALUES FOR AGE 2 AS FOUND BY EXTENDED AND EmprricaL METHODS IN THE 
CasEs OF TEN Lire TABLES. 




















L. Cx 
Experience. 

Empirical Extended Empirical Extended 

Method. Method. Method. Method. 
England and Wales 1901-1910 M 10,514 10,516 56-99 57-00 
3 is 3 F 10,514 10,517 59-58 59-58 
England and Wales 1891-1900 M 10,661 10,678 54:23 54°12 
2 % is F 10,658 10,674 56-48 56:34 
London, a901-1910 M 10,562 10,563 55-80 55-73 
5 oy F saa 10,557 10,557 59-49 59-43 
London, 1891-1900 M bear 10,853 10,866 51-72 51-57 
a F ee: 10,854 10,871 55-00 54-91 
Selected Healthy Districts, 1891-1900 M 10,403 10,409 59-80 59-83 
7 ” o t F 10,401 10,400 61-12 61:13 

= 





* The radix for 1, (10,000 at age 10) previously used has been retained. 
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The average difference between corresponding values of é over the ten tables is 
‘067 of a year. This is larger than the difference found at other ages, but assuming 
that the extended tables correctly describe the true state the degree of accuracy 
is still not in excess of the limit sought for, say, 1 month or -083 of a year. 

(u) In deriving equations suitable for the period 1-2, a modification of method. 
was made. Instead of expressing the chance of surviving the one year from age 1 
in terms of the death-rate (r) in the year 1-2, it was expressed in terms of the 


The reason for this was that, in the ideal case, for which r (the 





function 2 
2 


observed death-rate) is equal to m (the corresponding Life Table death-rate) p is 
exactly the function stated. This is well known, and can be shown as follows :— 


The Life Table death-rate in the year (1-2) is a He) and the chance of 
1 
surviving 1 year from age 1 is 1? 
1 
2(l, — l,) Ly 
UR eae WwW = = ss, 
| hth? fo, 
Hence y mie at ty or 
Lovet. Bi teak 
fp SeisE mM 
ie ahah 


- Now m is not the same as the crude death-rate (r) which is available, but 
differs from it only through the process of graduation. The relationship between 


p and 





— mpm. 9 é . 5 
is exactly represented by a linear equation, and we may readily 
m 


anticipate that the relationship between p and =, (=TII, say) may be very closely repre- 
sented by a linear equation. 

The whole of the likely range for the group (1-2) is covered by taking the data 
for England and Wales, 1910-12, both Males and Females for the groups (0-1) (1-2) 
and (2-8) (see Table y), and the equation connecting p with TM was found to be 

p = -07434 + -92488 II, : 

the mean value of A being -0003. 

The value of & for this case is, of course, unity. | 

The ten Life Tables can now be further completed up to age 1 (see example 
paragraph 15), the results being as follows :— 


TABLE V. 


ie) 
COMPARISON OF THE |, AND e, VALUES FOR AGE 1 AS FOUND BY EXTENDED AND EmprricaL METHODS IN THE 
Cases oF Ten Lire TABLES. 


























Ly. | Cx 
Experience. | 

Empirical Extended § Empirical Extended 

Method. Method. =| Method. Method. 
-- ~ ae | a th |] Ba a Oe 
England and Wales 1901-1910 M ie 10,961 | 10,958 | 55:70 55:68 
Ns» "99 F Lad 10,921 10,929 | 58°34 58°31 
England and Wales 1891-1900 M sae 11,240 | 11,278 (@ 52-39 52-22 
» » 99 F BG. 11,199 11,229 | 54:73 54:53 
London, 1901-1910 M i 11,075 11,089 54:19 54-06 
»» oe OF _s5) LT O42 a) ALI ;064 = “87-85 57-74 
London, 1891-1900 M | 11,596 | 11,630 49°37 49°15 
» mr fap AAAI RMOS eV ELBIT... cod), | 52:89 52°53 
Selected Healthy Districts 1891-1900,M seal 10,697 10,710 59-14 59-13 
. . ‘ sie ba ioe ee Gre 10,678 || «6055 60-53 


Fa alo | | | 
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The average difference between corresponding values of e over the ten’ tables 
is rather less than -11 of a year. As for age 2, the difference is greatest for the 
England and Wales and London tables relating to 1891-1900. 

(1) To complete the tables to age zero we use the infantile mortality per 
single birth to give the chance of dying in the first year of life. A modification, 
however, is required in determining the number of years of life lived in the first 
year. Our method so far has been equivalent to assuming that, while those who 
survive the year live a whole year in the group, those who die in the year live, on 
the average, half a year in it. This latter fact does not hold for the first year of 
life, and we shall assume that the average duration of life lived by those who die 
in the first year is the same in every case as for England and Wales in 1910-12, 
viz., ‘2646 years for Males and -2871 for Females.* This is not quite true, but the 
error introduced by the assumption is very small, since this contribution to the 
total years lived throughout life is small compared with the total. 

Reference to the example worked in paragraph 15 shows how the table is completed, 
and the results we find are as follows :— 


TABLE VI. 


COMPARISON OF THE |, AND ¢, VALUES AT BIRTH AS FOUND BY EXTENDED AND EmprricaAL METHODS IN THE 
Cases oF Ten Lire TABLES. 


Experience. | | 
| Empirical Extended Empirical Extended 
| Method. Method. Method. | Method. 





12,749 ||. 12,807 4 ; | 48-53 
19,9007) ) 1 amet o. sean) 52-38 
18,507 |) 13,618 | | 44-18 
12,997 13,067 ae 47-37 
12,861 13,077 | | 46-74 
12,472 12,641 | 51-41 
14,008 | 14,255 | 40-98 
13,506 | 13,689. | | 45-33 
12,148 12,191 || 99 | 52:87 
11,786 11,800 || 55-71 


England and Wales 1901-1910 


England and Wales 1891-1900 





29 


London 1901-1910 


Lisniou 1891-1900 





Selected Healthy Districts 1891-1900 


23 ” 93 99 


bap tal at Fl 





The differences between the corresponding values found are here quite considerable. 
As stated before, however, we believe the extended method in each case to give results 
deviating appreciably from the truth for the first year of life. We have therefore worked 
out the values obtained by picking up the Life Table as worked out by the extended methods 
up to age 1 and completing it by using the value of p, for the first year of life that we have 
used in the empirical method, viz., unity minus (deaths in first year of life divided by births). 


*To agree with the procedures used for other ages we want to find L,’ (see example in paragraph 15) where 


Jv ee Ly at T,’ 
Now T, =T,+4h 
T,’ =T, +3), 


= Ly + 3(ly — L) 
= 1, + @(Ip — 4) + 3(Iy — 4) 
where is the average life lived by those who die in the first year, viz. ‘2646 for Males and ‘2871 for Females. 
Thus Ly = (5 — x)l, + (5 + aly 


XX 


The comparison of results now is as follows :— 
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le exe 
Experience. . : 

i Empirical 7 eee Extended) Empirical ee He Extended 

Method. | “yrothogd, | Method. | Method. Method. Method. 
England and Wales, 1901-1910 M. 12,749 12,746 12,807 48-78 48-76. 48-53 
3 9 a F. 12,331 12,340 12,383 52-59 52:57 | 52-38 
England and Wales, 1891-1900 M. 13,507 13,551 | 13,618 44-48 44-33 44-13 
He § He 12,997 13,032 13,067 48-06 47-89 47-77 
London, 1901-1910. M. 12,861 12,876 13,077 47-56 47-45 46-74 
ft pe F. 12,472 12,476 12,641 52-14 52-03 51-41 
London, 1891-1900 M. 14,004 14,045 | 14,255 41-76 41-57 40-98 
+ K F. 13,506 13,546 = 13,689 45-93 45-79 45°33 
Selected Healthy Districts, 1891-1900 M. 12,148 12,163 12,191 52-99 52-98 52°87 
o 5 } % F. 11,786 11,792 11,800 55-77 55-74 55°71 




















The agreement between the “empirical method” and the “modified extended 
method ” is, as of course it should be, quite good, the average difference between corre- 
sponding values of é, being -086 of a year. But the point to bring out from the above 
table is the very considerable discrepancy between the values given by the “ extended 
method ” and by the “ modified.extended method.” It may be noted that the figures 
for é, by the former are always less than those by the latter, and if it be generally held 
that the use of the figure denoting the infantile mortality leads to a value of py near the 
truth, it follows that the ten tables to which we refer all understate the mean average 
life-time after birth. We are not disposed to consider the differences between the figures 
by the “empirical method” and the “ extended method” given in the last table as 
evidence of deficiencies in the former.* 

If the object be to get as close as possible to the values given for age 0 by the extended 
tables by the use of a short method better results than those shown can bereached. Thus, 
referring to the columns of figures at the top of p. xix, if we take those relating to England 
and Wales, 1910-12, and express p in terms of p’, the chance of living a year as given by the 


* Tf the births and deaths under age 1 are fully and correctly registered, a measure of g,)(=1—)) rather better than 
that given by the infantile mortality rate is for, say, the ten-year period 1901-1910 (deaths under one in the ten years) 
divided by (births in 9 years 1901-1909 plus } births in 1900 plus 3 births in 1910). 

For the two England and Wales Tables this leads to the following comparison :— 





Po: 


‘ 





Experience. 


By Actual 
Infantile 
Mortality Rate. 


By Modified 
Infantile 
Mortality Rate 








England and Wales 1901-1910 M “8597 8599 
4 - 65 F “8857 8859 
England and Wales 1891-1900 M 8322 8320 
- a a F 8616 8612 





The agreement between these sets of figures is quite good. A better approximation would be given by taking the 
births in the last six months of 1900 and first six months of 1910 instead of half the total births in each of these years, 
but the agreement noted indicates that if a Medical Officer of Health believes the births and deaths under one 
are fully registered in the period under consideration he can with confidence take the value of one minus the 
infantile mortality rate per single birth as giving the chance of surviving the first year. 

The method just referred to was touched upon by the Medical Officer of Health for London (Report 1901, 
Appendix I, pp. 4, 5) when constructing his table for 1891-1900. But he ‘modified the figures so that the 
total population under 5 used for the Life Table was the same as that enumerated, and this caused a considerable 
alteration in the value of p,)—from -8281 to -8159 for Males. We think the general method there used is the 
best yet proposed, but believe it is undesirable to modify the size of the population exposed in the first five years 
as given by the births and deaths registered, to agree with the population under 5 as given by the censuses. See Census 
of England and Wales, 1901, Vol. VII, p. xliv, where it is shown that the two populations differ by nearly 3 per cent. 
The difficulty appears to be that many {7 per cent.) in the first two years of life escape the census; the deficiency should 
not, therefore, be spread proportionally over the five years. 
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infantile mortality (assuming that the value p equal unity would be accompanied with the 
same value of p’) by a linear equation, the relationship found is— 
p = 1:00738p' — -00788. 

When this equation is applied to the other eight cases the results are: -8586, -8848, -8310, 
"8606, 8601, -8844, -8267, -8535, -8796, and -9048 respectively. In each case the number 
is closer to p than p’ is, and an improvement, in some cases not large, could in this way be 
effected. | , 

Another point to which we should refer at the present stage is this : We have, in dealing 
with the age periods 1-2 and 2-5, used rates based upon census populations, though we hold 
at the same time that these latter are defective. In order that the criticism should have 
no weight it is necessary to assume that the defect is distributed proportionally to that 
for the whole country among the various sub-populations to which the method is to be 
applied. There is no method of investigating this, but the assumption does not appear 
to be unreasonable. If it ever becomes general to base-local rates at ages under 5 upon 
populations computed from the numbers of births and deaths, new equations can readily 
be found. In this paper we are obviously restricted to the method used. 

15. It will be convenient here to complete the example used in paragraph 10 back 
to age 0.. The table from age 10 onwards is shown in Table I, and the connecting links 
we want are 1,) = 10,000, and T,, = 520,021. These are shown at the bottom of the 
accompanying Table VII. 












































Taste VII. 
EXAMPLE OF WORKING INVOLVED IN Emprricat Metuop, cont.—London 1891-1900, Females. 
rer Infantile : 
pie’ Mortality Po: fe ‘7871 I, + -2129 1,.* ve &,. 
P. per Birth. 
0-1 1454 -8546 (0) 13506 13088 627049 45-93 
Age 2—r ; ' : 
Group 249 Pi: ly k. L, T, . €4- 
1-2 9364 9404 (1) 11542 | 1-0 11542 613961 52-69 
Chance of 
Age Death- | Surviving : LE . 3 
Group rate (r). throughout tn. ee eat le  Bie Te Cas 
period (p). 
2-5 “01908 -9457 (2) 10854 2-9244 31741 602419 55-00 
5-10 -00517 -9742 (5) 10265 4-9349 50657 570678 55-09 
fa: = at (10) 10000 | ee = 520021 51-50 








* For Males, take -7646 J, + -2354 1,. 


e 


We work from the bottom upwards, and the various equations will be found 
collected in Appendix I. 

The death-rate (5-10) being -00517, the corresponding value of p — 7.e., ;p;—is given 
by the equation p = -99838 — 4-68181r (paragraph 12 (a)) or p = -9742, and then the value 
of k by the equation k = 2-2504 + 2°7556p (paragraph 12 (0)) or k = 4-9349. 


From ;p;, J; is at once found (= 18), and the product of J; and k,; (50657) gives L,’. 
5P5 3 


This added to 520021 (T,)’) gives T,’ and é, is this number divided by /;, less half a year. 
For the next step, we use the death-rate (2-5), viz. 01908. The equation for 3p, is 
(paragraph 14 (i)) p = *99883 — 2-78684r, giving p = -9457 ; the equation for / is (paragraph 
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ls ) is 10854 ; L,/ is 31741 


14 (i)), & = 1-4959 + 1-5105p, giving k = 29244. Hence J, ie “i 
peas IT 2A 


and T,’ is 602419, giving é,=55-00. 





For the next step, the function II = ; i = is employed. +r = -06572 (the value of 


the death-rate (1-2) London Females, 1891-1900) leads to IT = -9364. The equation for pis 
(paragraph 14 (ii)); p = -07434 + -92488II, and gives p = -9404, and hence /, = 11,542; 
k being unity, L,’ =1J, and T,’ = T,’ + 11542 = 613961. From this é, = 52-69. 

For the last step, we take the infantile mortality per birth (= -1454) and from it obtain 
Py = 8546 (= 1 — -1454). From this J) = 13506. To find the value corresponding to 
L, we take, for Females, -7871 1) + -21291, = 13,088. This gives Ty = 627049 = I) (é) + 34), 
so that e) = 45°93 years. 

The whole work can, of course, be started from age zero, with a radix J) = 10,000. 
By the empirical method it is convenient to separate the childhood part from the rest, 
since a separate equation is required for each of the four groups comprising it, Be it will 
be found that age 10 is generally a suitable starting point. 

16. The merit claimed for the empirical method now described is not that it 
reproduces in an abridged form the final values as given by an extended method with 
close accuracy but rather that it reproduces those values with sufficient accuracy for prac- 
tical health purposes with very considerable saving of time. It can be particularly 
recommended in cases where many Life Tables referring to comparatively small populations 
are required. In such cases the table relating to the whole population may be computed 
by an extended method, the equations determined from that table by the methods here 
described and then applied to the smaller populations. We might have illustrated our 
method, for example, just as well, or better, by taking the data of Sir A. W. Watson’s 
experience of the Manchester Unity Friendly Society.* The equations could have been 
determined from the experience of the whole Society and then applied to the eleven 
sub-populations for which tables had been formed. It is true that so far, for ages over 
15 (the only ones required in Friendly Societies’ tables) the empirical method does not 
reproduce the value of é, correct to the second place of decimals while the tables referred 
to extend to the third place, of decimals, but the examples we have shown in no case refer 
to experiences of just the same epoch as that from which the equations were derived. It 
may confidently be anticipated that with further investigation closer accuracy. may be 
attained. 

Another case to which the empirical method may be recommended is that of Life 
Tables relating to the experiences of various occupations. Here the original data may 
suffer from many imperfections and the time taken to apply an extended method hardly 
justified. But if the material be considered good enough to give ordinary death-rates, 
the functions of the Life Table can be got from these with little labour by the present 
method. 

- It is probable that empirical methods can be usefully employed in other parts of 
Life Table work. An instance -we have dealt with is this: given the values of 1, at ages 
15 and 20 determine the value at age 17. This, of course, can readily be done by the 
usual methods of interpolation, but if it be required for a number of tables relating to 
sub-populations where the extended table for the whole population exists we think the 
following will be found shorter and sufficiently accurate. From the extended table take 
a sufficient number of cases to cover the range likely to be required} and obtain a formula 


* An account of an investigation of the Sickness and Mortality Experience of the Independent Order of 
Oddfellows, Manchester Unity, during the five years 1893-1897. 


t In this case the values of ,p, were taken at ages 11, 13, 15, 17, 19, 21, and 23, and the equation 
worked out from these and 4p, at ages 13, 15, 17, 19, 21, 23, and 25, 
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(as in earlier paragraphs) expressing p,, (generally yp,,. ) in terms of 5p,; (generally 
5Px)- The linear equation found from the data of England and Wales, 1910-12, males was 


3Pz2 +9 = °42155 + 57759 X 5p,. 


and the sequence of the deviations indicated that rather better results would be given 
by taking the second-order equation. Knowing 1,,,; and 3p,4., l,, 2 cam readily be 
ascertained. This equation was applied to find the chance of living 3 years from age 17 
in the case of the 1911-12 experience (males) of London, County Boroughs, ‘Urban Districts, 
and Rural Districts. The values found were -9912, -9899, -9906, and -9918 respectively as 
against values by the corresponding extended tables (see Vol. I. of Decennial Supplement, 
1901-10) of -9913, -9898, -9905, and -9918. No doubt, had greater refinement been 
employed, the values could have been given to four places of decimals. The point we 
wish to emphasise in this connection is that, when the equation has been determined, the 
four substitutions necessary are very much shorter than the four interpolations which 
otherwise would have to be carried out. If there are many sub-populations to be dealt 
with the time saved may be much more than that involved in reaching the equation. 


APPENDIX I. 


COMPLETE LIST OF EQUATIONS TO BE USED IN CONSTRUCTING A 
LIFE TABLE BY THE EMPIRICAL METHOD DESCRIBED. 


FOR AGES OVER 10. 





To find 5p, OF 4oPx: To find ;k, or yok. 








R f ; ; 
Denia (r). Equation. | Range of p. Equation. 














Five-Year Groups. 





0 — -00300 p = '99995 — 4-8883r 
-00300 — -00370 =| p = -98152 + 5095-5 (-00383-r) 2 1-0 — -9750 k = 3-:0914 + 1-9084p 
00370 — -00550 p = 95419 + 247-824 (-01423-7)? 











Ten-Year Groups. 





0 —-00500 p = 53505 + 54-279 (-09255-r)? 1-0 — -90 k = 6-7367 + 1-36832 (-5443+-p)? 
-00500 — -00800 p = :07286 + 26-8859 (-18575-r)? -90 — -80 ky = 14-2145 — -85730 (3-2225-p)2 
-00800 — -01500 p = — 43586 + 15-8283 (-30091-r)2 -80 — +55 k = 14-4520 — -87293 (3-2566—p)? 
-01500 — -03000 p = 02194 + 22-0192 (-20985—r)2 55 — -20 k = 88550 — 5-6745 (-9258—p)? 
-03000 — -07000 p = 23118 + 28-6851 (-16237-7)2 Under -20 k = 6-1485 — 39-9340 (-2811-—p)? 
-07000 — -19000 p = 10152 + 16-7940 (-21951—7)2 iokos = 3°00 

















For period 85 and upwards. log j,9p.; = -188106 — 5-67829r. 





FOR AGES UNDER 10. 








5P5='99838 —4-6818 Ir phis=2-2504-4-2-7556p. 








3P2="99883—2-78684r ghg=1-4959-+1-5105p. 











2 — rT 
= :07434 + 924880 (| T=: 
Pr +r ( Deas ) 














by aes 7646 + -2354 & Males. 
Po= (Unity) minus (Infantile Mortality i= Lg 
per Birth.) “7871 ++ -2129 (2): Females. 


0 
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TABLE 


A. 


xxvll 


CoMPARISON OF THE L,, COLUMNS oF CERTAIN Lirm TABLES RELATING TO THE EXPERIENCES OF DECENNIAL PERIODS 











WITH THOSE DETERMINED BY MEANS OF THE EmprricAL FoRMULA. 


| 





(ArreR AcE 10.) 

































































































TABLE B. 

















England and Wales, England and Wales, | Selected Healthy London, . London, 
1901-1910. 1891-1900. Districts, 1891-1900. 1901-1910. 1891-1900. 
| 
=e = H = Age. 
Longé Empirical Long Empirical Long Empirical | Long Empirical | Long Empirical 
Method. Method. Method. Method. | Method. Method. Method. Method. | Method. Method. 
Males. 
10 | 10,000 10,000 10,000 10,000 10,000 10,000 | 10,000 10,000 10,000 10,000 10 
15 9,899 9,899 9,878 9,879 9,902 9,902 9,901 9,903 9,878 9,879 15 
20 9,748 9,743 9,692 9,694 9,757 9,760 9,760 9,763 9,703 | 9,704 20 
25 9,547 9,541 9,450 9,452 9,544 9,547 9,576 9,579 9,487 9,483 25 
35 9,025 9,023 8,827 8,829 9,046 9,050 9,040 9,048 8,801 8,803 35 
45 8,226 8,224 7,858 7,857 8,394 | 8,396 8,095 8,102 7,622 7,616 45 
55 6,971 6,970 6,480 6,477 7,427 7,425 6,659 6,665 6,019 6,013 55 
65 5,030 |; 5,019 4,526 4,514 5,824 5,817 4,667 4,670 3,958 3,944. 65 
75 2,530 |/ 2,530 2,160 2,144 3,259 3,247 2,282 2,281 1,739 ire M 75 
85 557 540 427 411 732 731 487 484 316 299 85 
95 19 22 14 15 2B) 27 16 18 12 | aes 95 
| \ 
Females. 
10 | 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10 
15 9,894. 9,894 9,872 9,874 9,888 | 9,889 9,899 9,900 9,877 9,878 15 
20 9,752 9,753 9,693 9,693 9,714. 9,711 9,780 9,784. 9,732 9,736 20 
25 9,583 9,578 9,479 9,478 9,514 9,511 9,647 9,651 9,565 9,563 25 
35 9,135 9,134 8,914 8,917 9,050 9,047 9,245 9,256 9,027 9,036 35 
45 8,465 8,465 8,091 8,091 8,466 8,462 8,521 8153 leases; LOS 8,109 45 
55 7,452 7,455 6,966 6,962 7,651 7,646 7,406 7,416 6,807 6,810 55 
65 5,785 5,782 5,205 5,197 6,184 6,178 5,702 5,715 4,952 4,946 65 
75 3,271 3,287 2,753 2,742 3,682 3,680 3,252 3,262 2,545 2,532 Ths: 
85 878 882 652 642 977 979 886 900 580 564 85 
47 54 E 


CoMPARISON OF THE é@, COLUMNS OF Certain Lire TABLES RELATING TO THE EXPERIENCES OF DECENNIAL PERIODS 


WITH THOSE DETERMINED BY MEANS OF THE EmprRricAL FoRMULA. 


(ArrerR AGE 10.) 
























































YEARS. 
q ‘ ted Health London, London, 
Eee SOL AgkG. saad I lee ate, Disuite, 1891-1900. 1901-1910. | 1801-1900. 
Age. Age. 
ee ee cena || Mechod | Mcinsd | | Methods fe Method. | Moth aMiMethedae |. Mecieds 
Males. 
10 51°81 51-80 49-63 49-66 54-16 54-12 50-73 50:79 47-84 47°88 
15 47°31 47-30 45:21 45:23 49-67 49-63 46:21 46-26 43-40 43°44 
20 43-01 43-02 41-02 41°04 45°37 45-32 41-84 41-89 39°13 39-18 
25 38°86 38°86 37-01 37:03 41-32 41-27 37°59 37:64 34-96 35-03 
35 30:79 30:79 29-24. 29-26 33°32 33°24 29-50 29°54 27-25 27-32 
45 23-27 23-27 22-20 22-21 25-49 25-41 22-31 22-35 20-65 20:73 
55 16-48 16°48 15:79 15:79 18-12 18-03 15-98 16:02 14-76 14-81 
65 10-80 10°80 10°34 10-34 11-61 11-52 10:56 10-59 9-76 9-81 
15 $4] 6-41 6:15 6-11 6:56 6-44. 6:35 6-29 5:91 5-90 
85 3°53 3°53 3:45 3°37 3°45 3:37 3°48 341° 3-48 3°54 
Females. 
10 54-53 54:51 51-97 52-03 55:46 55-46 54-61 54-66 51-49 51-50 
15 "50-08 50:07 47-61 47-66 51-06 51-05 50-14 50-19 47-10 47-10 
20 45:77 45:75 43-44. 43-51 46-93 46°94 45-72 45°76 42-77 42-76 
25 41-54 41-54 39-37 39-43 42-86 42-87 41-32 41-35 38-46 38-48 
35 33°31 33-30 31-52 31:57 34-79 34°81 32-87 32°89 30:42 30-41 
45 25-53 25:5) 24-20 24°16 26-84 26°83 25-21 25-22 23-29 23-27 
55 18-27 18:23 17-24. 17-20 19-12 19-03 18-19 18-20 16:72 16-68 
65 11:99 ~-| 11-94 11-27 11-22 12-36 12-26 12-03 12-02 11-01 10:95 
75 7:10 7-06 6-70 6:52 7-10 7:03 T17 715 6:57 6-47 
85 3°94 3°84 3°80 3°71 3°83 *. 3-81 3:90 3°80 3°75 3°62 
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TABLE C. 


CoMPARISON OF THE I, CoLUMNS OF CERTAIN Lirp TABLES RELATING TO THE EXPERIENCES oF 1911-12 wITH 
THOSE DETERMINED BY MEANS OF THE EMPIRICAL FORMULA. 


| 
































London. County Boroughs. Other Urban Districts. | Rural Districts. | 
Age. : l E l : | feo Age. 
Long | Empirical Long | Empirical Long Empirical Long Empirical 
| Method. Method. | Method. | Method. Method. Method. Method. Meffiod. 
| 
Males. 
| | | | | 
10 | — he t0,040.aae 10,038 — |. 10,080 alo. == 10,028 | 10 
15 9,935 | 9,935 9,931 9,931 9,939 | 9,939. | 9,947 | 9,946 | 15 
20 | 9,799 9,800 | 9,773 9,767 9,792 9,792 | 9,820 | 9,822 20 
25 i} 9,628 | 9,624 9,576 | 9,570 9,617 | 9,614 | 9,655 9,649 | 25 
85 iac0.13i- h,’-9,182 me 9,060c 3 | ene 8-200 , 3) 0,197 walk, 9,258 9,249 | 35 
45 8,248 | 8,252, | 8,218. _| 8,217 8,558 8,558 8,7 08am 8,700 45 
55 6,847 6,849 6,849 6,851 | 7,445 | 7,451 | 7,835 7,836 55 
65 | 4,800 4,792 4,745 4,742 5,519 5002) ae 6,254 6,260 65 
TSS. |e BPA 2,339 2,135 | 2,161 2,767 | 2,800 | 3,597 .. | 3,632 | 75 
85 | 478 469 404. 391 614 604 875 || 891 85 
05) PAY ne 23 16° | 16 31 | 28 | Bh | 41 | 95 
: | | | | 
Females 
10 | ~- 10,037 — | 10,041 | — 10,034 — 10,030 10 
Is 9,939 9,939 | 9,929 | 9,929 | 9,938 9,938 9,942 9,942 15 
2OW | 9,823 9,823 | 9,785 | 9,785 9,808 9,809 9,810 9,812 20 
25 2 | 9,696 9,698 9,619 | 9,613 | 9,662 9,662 9,650 9,645 25 
iim | 9,337 O 340s 9,206 | 9,202 9,294 9,295 9,262 9,256 | 35 
45 8,686 8,695 Spal | 8,529 8,747 8,751 8,765 8,761 45 
55 4 7,629 7,637 | 7,457 7,458 7,845 7,853 8,014 8,015 55 
65 5,Od0 5,984 5,688 \ | 5,691 | 6,234 6,245 6,630 6,632 65 
15 | 3,508 3,526 3,056 | 3,074 3,622 3,664 4,160 4,189 | 75 
85 | 970 998 | (BBY 4 735 985 1,004 1,254 1,286 85 
95> | 62 62nd 45 | 45 70 72 81 89 95 




















The tables by the “ Long Method”? commence at age 12. In order to have comparable figures the values of i at 
age 15 have been made equal in each case. 


PAB Le, ca): 


COMPARISON OF THE e, COLUMNS OF CERTAIN Lire TABLES RELATING TO THE EXPERIENCES or 1911-12 wire 
THOSE DETERMINED BY MEANS OF THE EmprricaAL ForMULm. 






































YEARS. 
London. County Boroughs. Other Urban Districts. Rural Districts. 
Aero |e 3 | ae . Bee Sige Wisi | Age. 
Long | Empirical | Long Empirical Long Empirical Long Empirical | 
Method. Method. Method. Method. Method. Method. Method. Method. 
Males. 
10 — | 51-25 | — | 50:78 — | - 53:55 — | 55:96 10 
15 | 46:74 46:77 | 46:28 | 46:30 49-01 49°02 51:45 | 51-40 lS 
20. | 42°35 | 42°38 | 41:99 | 42-03 44-7] 44-72 | 47:08 47-02 20 
25 | 38:06 | 38:11’ | 37-80 37-85 40-48 | 40-49 | 42-84 49-82 | 96 
35 29:84 29-87 | 29°65 29-69 32:07 32:09 | 34:47 34-44 35 
45 | 22:45 | 22:48 | 22°13 22°17 24:07 24:08 26°31 26:28 45 
55 | 15:95 15:97 | 15:48 15°51 16°85 16:86 18-63 18°58 | 55 
65 10:51 . 10°55 | 9-99 10:05 10-84 10°84 11-95 11-89 65 
75 6-28 | 6:21 | 599 | 5:97 6:45 6:39 6°81 6:73 75 
85 BRTIe ol 3:64 3°55 | 3°48 3:72 3°64 3:67 3°57 85 
| | 4 
Females. 
| | | | 
10>} — _ 1.4 56-6404 sen) | © GatOd a. 56-25 4 57-56 10 
15 S113 DLLs 49:64 49-63 51:76 51:77 53-08 53-05 15 
20 | 46-71 | 46-74 45°34 45:32 47-4] 47:42 48-76 48-72 20 
25 | 42-29 | 42:31 41-08 41-08 43-09 43-10 44-52 44-52 25 
35 | SBRll BBO) 32:68 32°68 34:58 34:59 36°17 36°16 35 
45 25:82 | 25:83 24:84 | 24°83 26°41 26-41 27-93 27-91 45 
55 | 18:66 | 18-65 | 17:64. 17-62 18°83 18-81 20-03 20-00 55 
65 | 12-34 | 12-31 11:46 | 11-42 12-28 12:26 — 13-07 13-04. 65 
15 7:29 | 726 | GT | 6°74 7:21 | 7:21 7:58 7:58 75 
85 | 4-02 . 3°91 | 398 3:92 | 4-16 4-1] 4-15 4-06 85 
| | | 

















An Elementary Rapid Method of Constructing an Abridged Life Table. 


TABLE KE. 


XXIX 


COMPARISON OF é, AS DETERMINED BY MEANS OF THE EmprricaL FoRMULS WITH THE VALUES OBTAINED BY 
INTERPOLATION FROM ABRIDGED TABLES.—LIVERPOOL, MANCHESTER, SHEFFIELD, LEEDS, AND Bristou, 1911-12. 
























































| _ Liverpool. Manchester. Sheffield. Leeds. Bristol. 

Age. | | | | | “Sitee Age 
Inter- Empirical | Inter- | Empirical Inter- Empirical Inter- Empirical Inter- Empirical 
| polation | Method. | polation. Method. polation. Method. polation. Method. | polation. Method. | 
Males 
| 
15 42-64 42°65 43:90 43:98 45:94 46:04 | 45°85 45°89 47-69 47°75 15 
20 38°47 38:48 39:72 39°81 41-58 41-65 : 41-61 41-68 43°39 43°36 20 
25 34:36 34:38 ' 35°56 35°64 37°31 37-40 37-43 37°49 39°27 39-30 | 25 
35 26°71 26°74 27°57 27°67 28-90 28:97 | - 29:38 29°44 31-12 Sibalt |) Bis 
45 19-84 19-85 20:39 20-49 21:27 91:32 | *21-89 21-94 23°41 23-40 | 45 
55 13-92 13°94 14-20 14-26 14-79 14°85 15-00 15-04. 16°36 | 16:32 | 55 
65 9-25 9-39 9-18 9-29 9-34 9-43 9:35 9-39 10:29 10-33 | 65 
75 5:82 5:85 5:59 5:61 5:75 5:67 5:53 5-48 6:06 5-98 75 
85 3°04 3°39 3°47 3°50 | 3°36 3°24 | 2:88 2-96 3°38 3°16 85 
Females 

| | | 
15 46-58 46°56 47:78 47-78 | 49-99 50-01 | 49-15 49°16 | 51-43 | 51:42 | 15 
20 42-30 42-32 43°55 43-57 | 45°62 45-62 44-96 44-99 47-09 47-09 | 20 
25 38-03 38:06 39-31 39°34 | 41-28 | 41-32 40-74. 40:79 42-79 42°76 | 25 
35 | 29-87 29°88 30:89 30-90 32-79 32°83 32°30 32:33 34°37 | 34:31 | 35 
45 22°47 22°46 23°20 23:20 24-79 24°82 24-29 24:33 26:51 | 26-48 45 
55 15:86 15-83 16-34. 16°34 | 17-49 17-54 | 16:90 16-93 18:98. | 18-91 55 
65 10-33 10:39 10-53 10°54. 11-18 11-25 10:70 |) 10-71 12:39 | 12-32 65 
1D 6:09 6:28 6:44 6:46 6°32 6:31 | 5:86 | 5°86 7:22 | 7:07. 45 
85 2°74 3°90 3:97 4-04. 3°86 4-02 | 3°01 3°04 4-23 } 3°99 | 85 
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TABLE .a. 


DaTA FROM WHICH THE Equations (TO BE EMPLOYED FOR AGES OVER 10) EXPRESSING THE CHANCE OF IJavING 
nm YEARS FROM AGE @ (,~,) IN TERMS OF THE CORRESPONDING OBSERVED DEATH-RATE 
PER Unit POPULATION WERE DETERMINED. 





England and Wales, 1910-12. 
| 





Chance of living 


Experience of Observed from beginning 
Age Group. | Death-Rate to end of period 
| (nPx)s 





5-Year Period. 






































= 00000 1-0000 
10-15 M 00192 9904 
10-15 F 00201 9901 
15-20 F 00269 -9868 
15-20 M 00288 9861 
20-25 F | 00314 | 9845 

++ 5-10 F 00318 9835 
5-10 M 00320 9832 
25-30 F | 00367 9819 
20-25 M 00372 9814 
25-30 M 00428 ‘9788 
30-35 F “00450 9776 
30-35 M 00534 9737 
35-40 F 00585 9716 
10-Year Period. 
— 00000 1-0000. 
20-30 F | 00340 9666 
20-30 M “00399 9607 
25-35 F | 00408 9598 
25-35 M 00480 9531 
30-40 F -\ -00514 | 9498 
30-40 M 00614 9403 
35-45 F 00652 9365 
35-45 M 00799 9224 
40-50 F 00838 9186 
40-50 M 01065 8976 
45-55 F 01124 8920 
45-55 M 01465 8620 
50-60 F -01565 8516 
50-60 M 02049 -8100 
55-65 F 02273 "7939 
55-65 M 02969 “7375 
60-70 F 03291 ‘7107 
60-70 M 0427 6415 
65-75 F 0508 5878 
65-75 M 0631 5152 
70-80 F 0782 -4339 
70-80 M 0941 365 
75-85 F “1161 277 
75-85 M 1356 221 
80-90 F 1672 153 
80-90 M 1901 112 
For Last Period. 
75 and upwards F -131* -277F 
75 and upwards M -149* -221f 
85 and upwards F -237* -O70F 
85 and upwards M -265* 0487 





* Death-rate from stated age upward. 
+ Chance of living 10 years from stated age. 
TT See footnote, p. x. 
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TABLE 8. 


DaTA FROM WHICH THE Equations (To BE EMPLOYED FOR AGES OVER 10) EXPRESSING THE VALUE OF 
nk,* IN TERMS OF THE CORRESPONDING CHANCE OF LIVING (,),) WERE DETERMINED. 





England and Wales, 1910-12. 








| Chance of Living 


| 
Experience of Age from beginning to | oa 





























* See footnote on p. vi. 





Group. end of period (,,7,,.). 
5-Year Period. 

— 1-0000 5-000 
10-15 M -9904. 4-981 
15-20 M ‘9861 4:974 
20-25 M -9814 4-964. 
25-30 M -9788 4.959 

80-35 M -9737 4-950 
10-Year Period. 

<= 1:0000 10-0000 
15-25 M -9678 9-8689 
20-30 M -9607 9-8307 
25-35 M -9531 + 9-8042 
30-40 M -94.03 9-7547 
35-45 M -9224. 9-6806 
40-50 M 8976 | 9-5811 
38-48 M -9085 9:625 
40-50 M -8976 9-581 
42-52 M *8850 9-529 
45-55 M -8620 9-437 
48-58 M *8331 9-321 
50-60 M ( -8100 9-226 
52-62 M "7835 | 9-114 
55-65 M -7375 8-913 
58-68 M 4 -6833 8-671 
60-70 M -6415 8-482 
62-72 M +5949 8-268 
64-74 M +5431 8:023 
63-73 M -570 8:15 
65-75 M *515 7:89 
68-78 M -426 7-42 
70-80 M 365 > 7-06 
72-82 M 304. 6°68 
75-85 M 221 | 6:06 
78-88 M ji 5:43 
80-90 M opbl 5:03 
82-92 M } -080 4°63 
85-95 M | ‘048 4-08 
88-98 M | -030 3:58 





xxxil An Elementary Rapid Method of Constructing an Abridged Infe Table. 


TABLE ry. 


DATA FROM WHICH THE Equations (To BE EMPLOYED FOR AGES UNDER 10) EXPRESSING THE CHANCE OF 
Livine (,);) THROUGHOUT AN AGE PERIOD IN TERMS OF THE CORRESPONDING OBSERVED DEATH-RATE (r) 
AND WHERE NECESSARY THE CORRESPONDING VALUES OF ,k, * IN TERMS OF p WERE DETERMINED. 


England and Wales, 1910-12. 






| 
F | 
Experience of 





























| 
* 
Group. Yr. nPx: | phen 
For Age Group (5-10) 
2-7 M | 00735 | 9641 4-9059 
3-8 M 00518 9740 4.9360 
4-9 M | 00399 9795 4-9505 
5-10M 00320. 9832 ai 4.9597 
6-11M 00260 9861 4-9671 
7-12M | 00224 9883 | 4.9730 
For Age Group (2-5) 
14M | 01981 9451 | «29938 
2-5 M 00925 9727 | 2-9656 
356° M aa) 00644 9811 “| 8-978 
4-7 M | 00491 9852 2-9835 
| | ; 
For Age Group (1-2) 
2-1 
ii 27 Pp. 
0-1 M 13888 8706 8796 
0-1 F -11029 +8955 9023 
1-2 M 03695 9637 9658 
12F 03452 9661 9681 
2-3 M ‘013300 0anE 9867 -- | -9866 
2-3 F 01318 | 9869 -9868 











* See footnote on p. vi. 


APPENDIX. II. 


ON THE METHOD OF DETERMINING THE EQUATIONS USED IN 
CONSTRUCTING THE LIFE TABLES 


The process of finding the best linear and second order equations expressing one 
variable (y) in terms of another (z) is as follows :— 

Let Y = a + bx + cx? be the best equation giving y in terms of a quadratic function 
of x, where a, b and c have to be determined. The case of a linear relationship is included 
in this, simply by putting c = 0. . 

If the data be graphically represented, and if y be the value of one variable for an 
observation for which the other variable has the value x, and Y the point on the curve 
(represented by the above equation) which has the same value of x, the criterion usually 
employed to obtain the best value of Y is S(y — Y)? a minimum, the summation being 
extended over each item in the data. 

In the present case this gives :— 

. S(y — a— bx — cx)? a minimum. 

By the usual method of the differential calculus* we find 

S(y) = Na + d8(ax) + cS(x?) 

B(cy) = as(a) + 0S(z*) +.c8(az) ~- .°. . fi) 

S(a?y) = aS(a?) + bS(a3) + cS(z*) 

N being the number of observations. 
The values of S(z), S(y) . . . S(z*) can be found from the data, and the solution of the 
equations (i) leads to a, b and c. The actual method of doing this is illustrated in the 
example below. 

For the linear equation, putting.c = 0, we find 

S(y) = Na + 68(x) ] . 
S(ay) = aS(x) + OS(a2) J ) 
from which a and 6 are determined. 

If curves of higher order are required the equations determining the constants 
are written down at once as an obvious extension of equations (i). See Pearson’s Tables 
for Statisticians and Biometricians, Introduction, p. xlviil. 

* The method used by the writer for students unacquainted with the calculus is as follows :— 
For the linear equation (the procedure is the same for the second order equation) we must have 
k? = S(y — a — bx)? a minimum | 
= Na? — 2aS(y — br) + S(y — bx)? . . . (A). 
This is a quadratic equation in a, whose roots are 
S(y — ba) + {[S(y — ba)? — NIS(y — ba)? — RT}? 
N 
a is to be a real number, hence the expression whose square root is taken must be positive; 1¢., 
[S(y — bx) ]? — NS(y — bx)? + NK? > 0. 
or Nit > 5 { NS(y — bx)? — [S(y ~ bx). 





The least possible value of k? is therefore the right hand side of this inequality, and this causes the 
expression whose square root is to be taken to be zero. Accordingly, we have, for k? a minimum 


Na=S(y)—bS(@). 


This is the first of equations (ii) above, and the second is similarly obtained by writing (A) above in the form - 
of a quadratic in b instead of in a. 


Be 


An Elementary Rapid Method of Constructing an Abridged Infe Table. 


XXXIV 


In the arithmetical work it is convenient to have the coefficients of a, band c as small 
as possible. This can be done by taking as origins for each variable values close to the 
corresponding mean values. This is illustrated in the following example, in which the 
relationship between p and r for the range of r between -00480 and -00838 is found. (See 
Table a—10-Year Period.) 


100,000r. 


10,000p. 


x, 





(1) 


(2) 
9,531 
9,498 
9,403 
9,365 
9,224 
9,186 


56,207 


=6 x 9368 


(5) 
28,561 
18,225 

1,225 


9 
22,500 
35,721 


106,241 


=—=)5( 0) 


ze. 


xy. 





(6) 
— 4,826,809 
— 2,460,375 


—1,225 


427 
3,375,000 
6,751,269 


+2,837,887 


=S(4") 


—102,329 


=S(zy) 


(8) 
+4,655,443 
+2,369,250 


—3,240,000 
— 6,501,222 


— 2,673,681 


=S(2*y) 


_ aA 


(9) 
815,730,721 
332,150,625 

1,500,625 

81 
506,250,000 
1,275,989,841 


2,931,621,893 
=S(a4). 














9 = 

















The corresponding values of 7 and p are first written down in parallel columns (1) 
and (2). To avoid decimals throughout 7 is multiplied by 100,000 and p by 10,000. The 
sum of the numbers in the first column being 3,897, the mean value is seen to be close to 
649. By taking this figure as origin for we have S(x) quite small. Column (3) shows the 
deviations of the numbers in column (1) from 649. Similarly for columns (2) and (4). 
Columns (5) and (6) can then be written down from Barlow’s Tables, and column (7) from 
Crelle’s or Cotsworth’s. Columns (8) and (9) can then be constructed by mechanical 
calculation or otherwise, the work being shortened by the fact that 2? is a factor of each 
column. 

The sum of the numbers in each column from (3) to (9) is then to be found, and the 
equations written down as follows :— 


—1= 6a + 3b + 106,241c. 
— 102,329 = 3a + 106,2416 + 2,837,887¢. 
— 2,673,681 = 106,24la + 2,837,887b + 2,931,621,893c. 


The most systematic way of solving these is to make the coefficient of a unity in each case. 
This gives :— 7 ' | 


1667 = a@ +. -5b +.17,706-8833¢ . . .)s.,.- cl (iii). 
— 34,109-6667 = a + 35,413-6667b + 945,962-3333c . . (iv) 
— 25-1662 = a + 26°7118b + 27,594-:0728c....... bape 


Subtracting (11) from (iv) and (v) from (iv) leads to :— 


— 34,109°5 = 35,413-1667b + 928,255:5 c ..... (vi) 
— 34,084:5005 = 35,386-9549b + 918,368-2605c ... . (vii) 


Making the coefficient of b unity in each case we find :— 


— 96318695 = 6 + 26-21215741c 
— *96319394 = b + 25-95216975c 


+ -00000699 = -25998766e, _ 
C= + -0000268859 : 


and from these, 
so that — 


substituting in (viii) or (ix) gives 


6 = — -9638917, and then, from (iii) 
a= — :1608. 
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The relationship between y and z is accordingly 


pe 1 GOS — ‘9638917% + ‘000026885922. 
But y = 10,000p — 9368 
and x = 100,000r — 649, 
so that 10,000p — 9368 = — -1608 — :9638917 (100,000r — 649) 


+ :0000268859 (100,0007 — 649), 
reducing to 
p = 1:00047 — 9-98790r + 26-88597?, 


which can be written in the form 
p = 07286 + 26°8859 (-18575 — r)?, as used in the paper. 
If the equation of the first degree only be required the equations are— 
LT = 6a + 36, — 102,329 = 3a+ 106,2418, 
- from which a = + +3149 and b = — -963187, leading in the same manner as above to 


p = '99934 — 9:63187r. 


TABLES OF VALUES OF ,p, AND ,k, REQUIRED IN THE CONSTRUCTION OF AN 
ABRIDGED LIFE TABLE, WHEN THE DEATH-RATES AT THE SEVERAL 
AGES FALL WITHIN THE USUAL LIMITS— BEING THE NUMERICAL 
VALUES GIVEN BY THE EQUATIONS SHOWN ON PAGE xxvi OF DR. SNOW’S 
PAPER. 


TABLE 1. Values of ,p, (the probability of living n years from age 2) corre- 
sponding to values of r (the observed death-rate in the age period # to x + n). ’ 

Note.—Any two of these equations do not give the same value of ,p, corresponding 
to the same value of r. Thus, for example, the two equations for five-year groups 

(1)... 1. Py = 799995 — 4-8883r 

and (2) 2. 2. 5, = 98152 + 5095-5 (00383 — 4)? 
give for the limiting value of r= -003, ;p, = -98529 and |p, = -98503 respectively. 
In order to effect a junction of the two series of values of ,;p, derived from 
equations (1) and (2) the values of ,p, corresponding to r = -003 and to a few of 
the tabular values next above -003 were calculated by means of equation (1) and the 
values of ;p, corresponding to r=-003 and to a few of the tabular values next 
below -003 were calculated by means of equation (2). The arithmetical means of 
the two sets of values of ;p, derived from the two equations are shown in the table; 
and similarly with all other limiting values of r except -07. In this case the values 
of , 9p; deduced from the fifth and sixth equations relating to ten-year intervals 
differed so widely that this method of smoothing was not applicable. The value of 
10M* corresponding to r = -067, as given by the fifth equation is -49208: the value of 
10P; corresponding to 7 = -073 given by the sixth equation is :-46201. These two values 
were adopted and the values corresponding to intermediate values of r were inter- 
polated on the assumption of a constant’ first difference. 

If the observed values of ,p, corresponding to the observed values of r had been 
adopted and the intermediate values inserted by a process of interpolation, the life- 
table values would differ only slightly from those given in the present tables. 


TABLE 2. Values of ,k, corresponding to values of ,p,. 

See Note to Table 1. The method adopted to smooth the values of ,p; near 
the junctional values of 7 was not applicable in the case of this table. A sufficiently 
smooth graduation has been effected by interpolation on the assumption of a constant 
first difference between the value of ,k; corresponding to ,p; = °899, as deduced by the 
‘first equation, and the value corresponding to ,p; =-901 as deduced by the second 
equation. Over the other junctional values of ,,p, intermediate values were interpolated 
similarly between the following limiting values -799 and -801; -545 and -555; and -195 
and °205. 


The values of ,p, are shown only to four places of decimals in the table: in the 
calculations five decimal figures were used. 


TABLE 3 is a table of proportional parts for use in conjunction with Tables 1 and 2. 
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TABLE 1. 


Acr 1-2 Years: Values of p,( = 07434 + 92488 5), 
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2 33 30 27 24 21 19 16 13 10 07 
3 05 02 99 | 96 94 91 88 85 82 80 
4 9877 74 71 68 66 63 60 57 55 52 
5 49 46 43 | Al 38 35 32 29 27 24 
| 
6 21 18 16 | 13 10 07 04 02 995 96 
7 9793 90 88 | 85 82 79 ry) 74 71 68 
8 65 63 60 57 54 | 51 49 46 43 40 
9 37 35 32 29 26 | 24 21 18 15 12 
010 10 07 04 01 98 96 93 90 87 85 
| 
1 9682 79 76 73 Te 68 65 62 59 57 
2 54 51 48 46 43 | 40 37 34 32 29 
3 26 23 20 18 15 12 09 07 04 ol 
4 9598 95 93 90 87 84 81 79 76 73 
5 70 67 65 62 59 | 56 54 51 48 45 
| 
6 42 40 37 34 31 28 26 23 20 17 
i 15 i 09 06 03 01 98 95 93 89 
8 9487 84 81 78 76 73 70 67 64 62 
9 59 56 53 50 48 45 42 39 37 34 
020 31 28 25 23 20 17 14 11 09 06 
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Aces over 10 Years: Values of ,p,. For r=Otor = :003, ;p, = 99995 — 4:8883r : 
for r= -0030 to r= -0037, 5p, — 98152 + 5095-5(-00383 — r)?: for r = -0087 to 


7 = -0055, .p, = ‘95419 + 247-824 (-01423 — r)?. 
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AGEs OVER 10 Yrars: Values of ;op,. For r=-001 to r=-005, , 9p, =:53505 + 54-279 (-09255—1)?: 

for r=-005 to r=-008, 4p, = 07286 + 26-8859 (-18575 — r)?: for r= -008 to 

= 015, 49P, = — °43586 + 15°8283(- 30091 — te for.--r_= “O19 fOs er es 
1oPs = °02194 + 22: 0192 (-20985 — 1)?, | 
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4 62 | 61 | 60 | 59/| 58 | 57 | 56| 55 | 54) 53] 4 68 | 67 66 65 64 63 62 | 61 | 61 | 60 
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* In a few cases the death-rates were found to exceed 0055: the table has been carried on therefore to the value of 
r = °00649 by means of the third equatién given in the heading of the table. 
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Values of jp, (continued). 
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Values of jp, (continued). 
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AGES OVER 10 YEARS: Values of ,)p,: for r=-03 to r=-07, 
Pz = °23118 + 28-6851 (-16237 — 1). 
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AGEs ovER 10 YEARS: Values of 9p, for r=-07 to r=°19, 
ioP2 = "10152 + 16-7940 (-21951 — r)?. 
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Values of 19%; for r = -12 to r = -46, log j9pg, = °188106 — 5-67829r. 
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118 116 
103 102 
091 089 
080 079 
070 069 
061 060 
054 053 
047 047 
041 041 

TABLE 2. 








AcE GRoupP 2-5 YEARS: Values of ,k, = 
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1-4959 + 1-5105p. 
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AGEs ovER 10 Years: Values of ,9k,. For p=0 to p=-2, 19k, = 6-1485 — 39-9340 (-2811—>p)?: 
for p= -2 to p=-55, iok, = 88550 — 5-6745 (-9258 — p)?: for p = -55 to p = -70, 
10he = 14-4520 — -87293(3-2566 — p)?. 
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AGEs over 10 Years: Values of ,ok,—continued. 
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AGES OVER 10 YEarRs: Values of ,9k,. For p=-7 to p=°8, 9h, = 14-4520 — -87293 (3-2566—p)*: 
HOt ont, p — -9,- ik: 14-2145 '\— -85730 (38-2225 — p)*: for p= -9 to p =I, 
ok: = 6°7367 + 1-36832 (-5443 + p)?. 
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TABLE 3. 


PROPORTIONAL PARTS. 
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